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Abstract Recent studies have extensively discussed total
least squares (TLS) algorithms for solving the errors-in-
variables (EIV) model with equality constraints but rarely
investigated the inequality-constrained EIV model. The most
existing inequality-constrained TLS algorithms assume that
all the elements in the coefficient matrix are random and
independent and that their numerical efficiency is signifi-
cantly limited due to combinatorial difficulty. To solve the
above issues, we formulate a partial EIV model with inequal-
ity constraints of both unknown parameters and the ran-
dom elements of the coefficient matrix. Based on the for-
mulated EIV model, the inequality-constrained TLS prob-
lem is transformed into a linear complementarity problem
through linearization. In this way, the inequality-constrained
TLS method remains applicable even when the elements of
the coefficient matrix are subject to inequality constraints.
Furthermore, the precision of the constrained estimates is
put forward from a frequentist point of view. Three numer-
ical examples are presented to demonstrate the efficiency
and superiority of the proposed algorithm. The application
is accomplished by preserving the structure of random coef-
ficient matrix and satisfying the constraints simultaneously,
without any combinatorial difficulty.
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1 Introduction

It is well known that total least squares (TLS) has been
widely applied in different areas of science and engineer-
ing, including geodesy, signal and image processing, com-
puter vision, and communication engineering. The univari-
ant TLS problem was first discussed by Adcock (1877).
Pearson (1901) developed a rigorous solution by minimiz-
ing the sum of Euclidean distances from the given points
to the hyperplane to be estimated. Golub and Loan (1980)
adopted singular value decomposition technique to obtain a
solution of the TLS problem. Actually, the two algorithms
proposed by Pearson (1901) and Golub and Loan (1980) are
identical (Xu et al. 2012), for they are both based on the
principle of orthogonal regression, and their weight matrix
does not refer to a variance–covariance matrix for the mea-
surements, which limit their applications in geodesy. From
a statistical point of view for the first time, Deming (1931,
1934) proposed a weighted TLS (WTLS) solution with a
diagonal weight matrix by linearization technique. Gerhold
(1969) published a rigorous WTLS solution by the method
of Lagrange multipliers. Thereafter, WTLS has made a great
progress from a special diagonal weight matrix to the weight
matrix with more general structure (see, e.g., Markovsky and
Huffel 2006; Schaffrin and Wieser 2008; Shen et al. 2011;
Snow 2012; Xu et al. 2012; Fang 2013). A few extensions
to TLS have been published in geodetic field and other pro-
fessional fields, such as the structured TLS (Markovsky and
Huffel 2006; Fang 2014b), the multivariate TLS (Schaffrin
and Felus 2008), the nonlinear TLS (Fang 2011), the TLS
solution with stochastic parameters (Schaffrin 2009; Snow
2012), the robust TLS (Choi et al. 1997; Waston 2007),
the constrained TLS (Schaffrin and Felus 2005; Zhang et
al. 2013; Fang 2014a). By extending an errors-in-variables
(EIV) model to a general case of partial EIV model, Xu et
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al. (2012) proposed a TLS solution that preserves the struc-
ture of the coefficient matrix. Compared with a great deal
of achievements on TLS algorithms, the precision of a TLS
estimate has not received enough attention. Gerhold (1969)
gave the first-order approximate variance–covariance matrix
of the TLS estimate with linearization method. Based on the
rigorous TLS solution, Schaffrin (2006) derived a first-order
approximate precision for the parameters by propagating the
errors of observations. Xu et al. (2012) systematically inves-
tigate the statistical consequences of the WTLS estimate in
the case of finite samples and derived the first-order approx-
imation of precision and the nonlinear confidence. Xu et al.
(2014) discuss the effect of EIV on a WLS estimate. Variance
components estimate of a TLS problem has been studied by
Amiri-Simkooei (2013), Mahboub (2014) and Xu and Liu
(2014).

By incorporating equality constraints in the EIV model,
three equality-constrained WTLS algorithms were proposed
and applied to a geodetic resection problem (Schaffrin
and Felus 2005), rapid satellite positioning (Mahboub and
Sharifi 2013), and a rigid transformation problem (Fang
2014b), respectively. When the prior information represent-
ing inequality constraints is considered, the EIV model with
inequality constraints needs to be adjusted. To date, only
three studies have been reported on inequality-constrained
EIV models. De Moor (1990) applied the Lagrange multipli-
ers to form inequality-constrained TLS as a generalized lin-
ear complementarity problem (LCP), which was then solved
using a combinatorial solution scheme. Zhang et al. (2013)
have proposed an active set method with exhaustive search-
ing. Recently, Fang (2014a) proposed the active set method
and the sequential quadratic program to treat the EIV model
with inequality constraints. The existing methods, however,
have two essential limitations: (1) in the first two papers, lim-
ited numerical efficiency based on the combinatorial strategy.
For example, if there exist 50 inequality constraints, then,
250 ≈ 1015 combinations need to be computed; and (2) inca-
pability for solving structured (or partial) TLS problems and
for treating the inequality constraints of the elements within
the coefficient matrix. Furthermore, a key quality description,
precision of the inequality-constrained WTLS (ICWTLS)
estimates, is still missing.

In view of the above issues, we formulate a partial EIV
model with inequality constraints which is suitable for the
structured coefficient matrix. Based on the proposed new
model, the ICWTLS problem is transformed to a LCP
through linearization, without any combinatorial difficulties.
Additionally, the inequality constraints are generalized for
both unknown parameters and all random elements of the
coefficient matrix. Furthermore, the precision of the esti-
mates is also investigated. The efficiency and superiority of
the proposed method are demonstrated in three numerical
examples, and conclusions are drawn based on the results.

2 Inequality-constrained partial EIV model

The EIV model is defined as follows (Huffel and Vandewalle
1991):

y = (A − EA)β + ey, (1)

where y and ey are the n×1 observation vector and its random
error vector, respectively. A and EA are the full column rank
stochastic n×t coefficient matrix and its error matrix, respec-
tively. β is the unknown parameter vector with a dimension
of t × 1. ey is often assumed to be zero mean and a cofac-
tor matrix Qy = w−1 with w being a given positive definite
matrix of weights. σ 2 is the unknown variance of unit weight.
ea = vec(EA), in which vec denotes the operator that stacks
one column of a matrix underneath the previous one. ea is
supposed to be zero mean and the cofactor matrix is defined
as QA = ω−1, with ω being a weights matrix. ea and ey are
not correlated.

If the matrix A is structured, one must perfectly describe
the cofactor matrix (Mahboub 2012) or extract non-repetitive
random elements (Xu et al. 2012; Fang 2014b). Recently, Xu
et al. (2012) have proposed a partial EIV model by selecting
functionally independent random elements within the coef-
ficient matrix:

y =
(
βT ⊗ In

)
(h + Bā) + ey (2a)

a = ā + ea, (2b)

where h is a deterministic constant vector with elements
corresponding to the non-random elements of A. B is a
given deterministic matrix that represents the characteris-
tic of matrix A. The m-dimensional vector a collects all the
independent random elements of A, and the true values of a
are denoted by ā. The weight matrix of a is still denoted by
ω without confusion.

All the variables to be estimated can be written in the form
of a compact vector βa = [

βT ; āT
]
, with the dimension of

(t +m)×1. Based on Eqs. (2a, 2b), we incorporate inequality
constraints by

Gβa ≥ z, (2c)

where G is the coefficient matrix of the constraints with the
size of k × (t + m), and z is the constant vector k × 1.
By combining Eqs. (2a–2c), a new inequality-constrained
partial EIV model is established. Compared with the existing
EIV models, our model is advantageous in dealing with the
structured coefficient matrix and generalizing the inequality
constraints for both the unknown parameters and the random
elements of the coefficient matrix.

Linear approximation is among the most popular tech-
niques to solve nonlinear problems. By convention, the opti-
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mization problem of EIV model (2a–2c) can be iteratively
solved. Here we show the linearization of the inequality-
constrained TLS problem at the initial position β0

a =[
βT

0 ; āT
0

]
. We further define �β = β0 − β and �a = ā0 − ā.

Thus, the linearized model is formulated as

y − A0β0 = A0�β +
(
βT

0 ⊗ In

)
B�a + ey (3a)

a − ā0 = �a + ea (3b)

G�βa ≥ �z (3c)

where A0 = A in the first iteration and �z = z − Gβ0
a .

If we define δy = y − A0β0, Ar = (βT
0 ⊗ In)B, and

δa = a−ā0, then the linearized inequality-constrained partial
EIV model can be expressed in a compact form:

δya = Aa�βa + e (4a)

G�βa ≥ �z (4b)

with δya =
[

δy
δa

]
, Aa =

[
A0 Ar

0 Im

]
,�βa =

[
�β

�a

]
,

e =
[

ey

ea

]
, the weight matrix of δya is W =

[
w 0
0 ω

]
. Im

is the identity matrix with the size m × m.
Undoubtedly, the above transformed model refers to an

inequality-constrained least squares (ICLS) problem. Thus,
we adjust this model by applying the existing technique based
on a LCP solver proposed by Xu et al. (1999). In the spe-
cial case that the coefficient matrix Aa is rank-deficient, the
model (4a, 4b) can be adjusted with the algorithm proposed
by Roese-Koerner and Schuh (2014).

3 Inequality-constrained WTLS (ICWTLS) algorithm

By adding the positive slackness p, the inequality-constrained
partial EIV model is converted to an equality-constrained
EIV model:

δya = Aa�βa + e (5a)

G�βa − �z − p = 0 (p ≥ 0) (5b)

We start applying the method of Lagrange multipliers for
solving the problem

min : eT We = (δya − Aa�βa)T W(δya − Aa�βa)

We construct the Lagrangian function as follows:

f (�βa,λ) = (δya − Aa�βa)T W(δya − Aa�βa)

+ 2λ
T (G�βa − �z − p) (6)

By differentiating Eq. (6) with respect to variables �βa,λ at
the respective point of their estimates, and assuming all these

partial derivatives are equal to zero, we have the following
constrained normal equations:

∂ f

∂�βa
= (δya − Aa�β̂a)T WAa − λ

T G = 0 (7a)

∂ f

∂λ
= G�β̂a − �z − p = 0 (7b)

After certain arrangements, Eq. (7a) is denoted as

�β̂a = �β̂
0
a + N−1

a GT
λ (8)

with Na = AT
a WAa and �β̂

0
a = N−1

a AT
a Wδya .

By substituting Eq. (7b) into Eq. (8), the TLS problem is
transformed into a LCP:

p = G�β̂
0
a + GN−1

a GT
λ − �z

= GN−1
a GT

λ + [G(β̂
0
a + �β̂

0
a) − z]

Namely,

p = Mλ + l (9a)

pT
λ = 0 (9b)

p,λ ≥ 0 (9c)

with M = GN−1
a GT , l = G(β̂

0
a + �β̂

0
a) − z.

LCP is a well-known problem (Kojima et al. 1991) and
details of the algorithm are referred to Xu (1998) and Xu et
al. (1999). By applying the existing LCP solver, we obtain
the estimated variables in Eqs. (9a, 9b, and 9c) including the
parameter estimates. To conclude this section, we summarize
our solution approach in algorithm 1.

Algorithm 1 ICWTLS algorithm

1) Initialize A0 = A, ā0 = a, β0 = (AT
0 WA0)

−1AT
0 Wy;

2) Use Eq. (4a) to compute δya, Aa, W, and use Eq. (8) to

compute Na,�β̂
0
a ;

3) Construct M, l with Eq. (9a) and apply the LCP algorithm
to obtain p,λ;

4) Use Eq. (8) to compute �β̂a ; if there are errors of �β̂a
within a predetermined tolerable value, then, the compu-
tation is terminated;

5) Return to step 2 and repeat the above steps.

If the inequality constraints only refer to the unknown para-
meter (not elements within the coefficient matrix), we denote
the constraints in a special form:

[
Gβ 0

] [
�β

�a

]
≥ �z, (10)
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which does not interrupt the implementation of our proposed
algorithm.

4 Approximated precision of the ICWTLS solution

Precision description of estimated parameters is one of the
key features of geodetic inference. Until now, there do
not exist publications on the precision description of the
ICWTLS estimates. However, in previous section we had
converted the ICWTLS problem into an inequality con-
strained (nonlinear) LS problem.

As far as we know, there are a few methods to investi-
gate the inequality constrained LS problem, including (Liew
1976; Zhu et al. 2005; Peng et al. 2006; Roese-Koerner et al.
2012). Liew (1976) reduced an inequality constraint prob-
lem to an equality constraint one, i.e. the inactive constraints
are removed. Zhu et al. (2005) presented that the inequal-
ity constraints can be converted into prior information. Peng
et al. (2006) used an aggregated method to convert all the
inequality constraints into one nonlinear equality constraint.
Recently, Roese-Koerner et al. (2012) present a Monte Carlo
method to generate probability mass of estimates.

In this section, we investigate a measure of approximated
precision of an ICWTLS solution according to the methods
proposed by Liew (1976) and Peng et al. (2006), in which
a so-called active constraint approach and an aggregate con-
strained function were used to estimate the precision of an
ICWLS solution from a frequentist point of view. We pur-
sue an analytical formulation of the precision of the ICWTLS
solution though they are only regarded as approximated ones.

4.1 Precision description using active constraint method
proposed by Liew (1976)

In Liew (1976), the inactive constraints were directly
removed when the precision description is formulated. In
model (4a and 4b), the inequality-constraints can be divided
into two types: active constraints Ga�β̂a = �za and inac-
tive constraints Ga�β̂a > �za . Therefore, by identifying
the active constraints whose associated Lagrange multipli-
ers are negative and removing all inactive constraints, the
inequality-constrained EIV model (4a and 4b) is converted
to the equality-constrained EIV model as following:

δya = Aa�β̂a + e (11a)

Ga�β̂a = �za, (11b)

where Ga is the coefficient matrix of the equality constraints
with the size of p × (t + m), p ≤ k, and �za is the p × 1
constant vector.

Then, by applying the law of variance–covariance prop-
agation, the first-order approximation of precision for the
ICWTLS estimate is given by (Koch 1999, p.172):

D(�β̂a) = σ 2Q = σ 2(N−1
a − N−1

a GT
a N−1

G GaN−1
a ) (12a)

with Na = AT
a WAa , N−1

G = GaN−1
a GT

a . The cofactor matrix
of ICWTLS estimate is Q = N−1

a − N−1
a GT

a N−1
G GaN−1

a .
Obviously, the estimator of a ICWTLS problem has smaller
cofactors than those of TLS problem without any constraints.

The variance of unit weight σ 2 can be estimated by

σ̂ 2 = êT Wê
n − t + p

(12b)

In summary, the precision of ICWTLS estimate can be
obtained as follows:

1. Applying the ICWTLS algorithm to compute the esti-

mates β̂a =
[
β̂

T ; ˆ̄aT
]
, λ,ê;

2. Identify the active constraints Ga and �za , correspond-
ing the values in λ are negative, then model (11a and
11b) is obtained;

3. Use ICWTLS estimates ˆ̄aT to replace the elements of
A, Aa ;

4. Use (12b) to compute σ̂ 2, and use (12a) to get the preci-
sion of parameters D(�β̂a).

We should note that D(�β̂a) in (12a) is an approximate esti-
mate, for the affect of the inactive constraints on the prob-
ability density function of �β̂a is ignored despite that they
do not contribute to the estimation process (Roese-Koerner
et al. 2012).

4.2 Precision description using aggregate constraint method
proposed by Peng et al. (2006)

By the principle of aggregate function, all the inequality con-
straints in Eq. (4b) can be converted as a single equality con-
straint as following:

gp(�βa) = (1/p) ln
k∑

i=1

exp(p(�zi − gT
i �βa)),

where p is a sufficiently large positive constant. gT
i and �zi

are the i th row of G and the i th element of �z in Eq. (4b),
respectively.

According to Peng et al. (2006), the ICWTLS estimator’s
approximate variance–covariance matrix is obtained as fol-
lows:

D(�β̂a) = σ 2Q = σ 2(N−1
a − ncN−1

a ccT N−1
a ) (13a)
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σ̂ 2 = eT We
n + t − 1

− n−1
c

(cT (�β̂a − �β̂aTLS))2

n + t − 1
, (13b)

where nc = cT N−1
a c. c = ∂gp(�βa)

∂�βa
is a k × 1 vec-

tor, in which the j th element c j = ∑k
i=1 exp(p(�zi −

gT
i �βa))Gi j/

∑k
i=1 exp(p(�zi − gT

i �βa)). �β̂aTLS is the
estimate of unconstrained EIV model (4a). The cofactor
matrix of a ICWTLS estimate is Q = N−1

a −ncN−1
a ccT N−1

a .
Note that we do not use Peng’s method to solve the ICWTLS
problem, but provide the precision using the estimates
obtained via Algorithm 1.

In summation, the precision of ICWTLS estimate can be
obtained as follows:

1. Applying the WTLS algorithm to compute the estimates
�β̂aTLS of model (4a);

2. Applying the ICWTLS Algorithm 1 to compute the esti-
mates �β̂a, ê of model (4a and 4b);

3. Set p = 106 or some other larger number, then use (13b)
to compute σ̂ 2, and use (13a) to get the precision of para-
meters D(�β̂a).

5 Numerical examples

The efficiency of the proposed algorithm is demonstrated
in three numerical examples. The first example contains data
sets presented by Peng et al. (2006) for inequality constraints.
In addition to presenting the exact solution, we compare the
efficiency between the existing algorithm and our algorithm
and provide the approximated precision of the ICWTLS esti-
mates. The second and third examples, respectively, show the
regression and transformation problem. In the third example,
the coefficient matrix is structured and inequality constraints
associated with the elements within the matrix are consid-
ered.

5.1 ICWTLS solution and its precision in a
non-combinatorial fashion

Table 1 shows the data set presented by Peng et al. (2006)
with 11 inequality-constraints:
[−CT I4 ⊗ [− 1 1

] ]T
β ≥ [−kT 14 ⊗ [−2 −0.1

] ]T

14 is a 4 × 1 vector of ones.
here we assume that the matrix A is random, as discussed for
the EIV model. The results (see the values of row β̂ICWTLS in
Table 2) of the ICWTLS problem are obtained after imple-
menting the proposed Algorithm 1, and the obtained data
are identical to those presented by Zhang et al. (2013). We
need 24 outer iterations instead of computation of 211 =
2,048 combinations. We also show that the average inner

Table 1 Data set of inequality-constrained EIV model (Peng et al.
2006)

A y

0.9501 0.7620 0.6153 0.4057 0.0578

0.2311 0.4564 0.7919 0.9354 0.3528

0.6068 0.0185 0.9218 0.9169 0.8131

0.4859 0.8214 0.7382 0.4102 0.0098

0.8912 0.4447 0.1762 0.8936 0.1388

−C −k

–0.2027 –0.2721 –0.7467 –0.4659 –0.5251

–0.1987 –0.1988 –0.4450 –0.4186 –0.2026

–0.6037 –0.0152 –0.9318 –0.8462 –0.6721

−0.1 ≤ βi ≤ 2.0 (i = 1, 2, 3, 4)

iterations of our algorithm are significantly smaller than that
by the method proposed by Zhang et al. (2013). We imple-
mented Algorithm 1 and Zhang’s method using the computer
with Matlab (r2013a), operation system (windows 7), proces-
sor Intel Core (I3-2130, 3.40GHz) and RAM (4.00GB). The
computing time also indicates that our algorithm is much
efficient than Zhang’s.

In Table 2, β̂TLS denote the values of TLS estimates with-
out any constraints. Here we also list

Gβ̂ICWTLS − z = [0.2605, 0, 0.2386, 0, 2.1000, 0, 2.1000,

0.2686, 1.8314, 0.4997, 1.6003]T

Gβ̂TLS − z = [0.1652,−0.03,−0.1315, 0.2888,

1.8112,−0.6167, 2.7167, 0.6605,

1.4395, 0.3106, 1.7894]T

It is obvious that all constraints are feasible at β̂ICWTLS while
some of the constraints are infeasible at β̂TLS.

The results are identical to that presented in Fang (2014a)
in the same given threshold and our computational expenses
are also comparable to his algorithm. However, the merit
of Algorithm 1 is that the linearized problem always refers
to a convex problem, i.e. we obtained a global solution in
each iteration. Furthermore, we can analyze the quality of
the results as undertaken in the next part.

We then implemented the precision of TLS and the pre-
cision of ICWTLS, and the variance of the unit weight. The
results are presented in Table 3. The diagonal elements of the
cofactor matrix obtained by aggregate function method are
smaller than the diagonal elements of the cofactor matrix of
the original TLS estimates, because a newly added constraint
reduces the cofactors (also see Peng et al. 2006). The first two
diagonal elements of the cofactor matrix obtained by active
constraint method are zeros, which are caused by the fix-
ing of the parameter estimates by the active box constraints.
The precision obtained by aggregate function method may be
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Table 2 Estimates of TLS, ICTLS and ICWTLS

β̂1 β̂2 β̂3 β̂4 Outer iterations Inner iterations Computing time

β̂TLS 0.1888 –0.7167 0.5605 0.2106

β̂ICTLS Zhang et al. (2013) –0.1000 –0.1000 0.1685 0.3998 2,048 27 51.32 s

β̂ICWTLS (Algorithm 1) –0.1000 –0.1000 0.168547 0.399777 24 3 0.07 s

Table 3 Precision of ICWTLS by active constraints method and aggregate function method

β̂1 β̂2 β̂3 β̂4 σ̂ 2
0

Unconstrained: QTLS 3.25437 –2.28578 0.84755 –1.97662 0.00006

–2.28578 3.11288 –1.54530 1.42957

0.84755 –1.54530 2.94150 –2.25339

–1.97662 1.42957 –2.25339 2.99917

Aggregate constraint: QICWTLS 2.59618 –2.68913 1.34371 –1.60574 0.04185

–2.68913 2.86570 –1.24125 1.65685

1.34371 –1.24125 2.56748 –2.53297

–1.60574 1.65685 –2.53297 2.79017

Active constraint: QICWTLS 0.0000 0.0000 0.0000 0.0000 0.03493

0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 1.58968 –1.68994

0.0000 0.0000 –1.68994 1.79652

more logical than that obtained by active constraint method,
since the dependent inequality constraints are considered (see
Roese-Koerner et al. 2012).

5.2 Regression model with inequality constraints

The proposed algorithm is also applied to solve a simple lin-
ear regression model, which can be mathematically described
as

y = (A − EA)β + ey

with y =
⎡
⎢⎣

y1
...

yn

⎤
⎥⎦, A =

⎡
⎣

1 a1

· · · · · ·
1 an

⎤
⎦, β =

[
β1

β2

]
,

ey =
⎡
⎢⎣

ey1
...

eyn

⎤
⎥⎦.

We further adapt our partial EIV model to the above model
as follows:

h
2n,1

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
...

1
0
...

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, B
2n,n

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0
...

. . .
...

0 · · · 0
1 · · · 0
...

. . .
...

0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

a
n,1

=
⎡
⎢⎣

a1
...

an

⎤
⎥⎦ , ea

n,1
=

⎡
⎢⎣

ea1
...

ean

⎤
⎥⎦

We simulate 10 points and construct the coefficient matrix
A and observation vector y. Six inequality constraints onβ are
incorporated to the above regression model. The constraints
including the matrix G and vector z and the simulated data
can be seen in Table 4.

Table 5 presents the results of the TLS and ICWTLS solu-
tions. ICWTLS solution needs 2 inner iterations in average
and 7 outer iterations. Through computing

Gβ̂TLS − z = [0.2522; −0.1522; 0.0489; 0.0511]T and

Gβ̂ICWTLS − z = [0.1000; 0; 0.0498; 0.0502]T ≥ 0,

we demonstrate that the ICWTLS solution satisfies all the
constraints, which is not the case for TLS solution. The total
sum of squared residuals (TSSR) at β̂ICWTLS is larger than
that at β̂TLS. We have also implemented the precision using
the aggregate function method and the variance of unit weight
in Table 5.

5.3 Planar similarity transformation with inequality
constraints

The planar similarity transformation (including four unknown
parameters: translations �x and �y, rotation angle α, and
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Table 4 Data set and inequality constraints of the regression model

No. A y G z

1 1 –39.7312 –18.6749 1 0 1.9500

2 1 –29.0831 –11.4825 –1 0 –2.0500

3 1 –21.1294 –7.6373 0 1 0.4500

4 1 –9.5689 –3.0315 0 –1 –0.5500

5 1 0.1594 2.3574 2 –1 3.4500

6 1 9.3462 6.8975 –2 1 –3.5500

7 1 19.7832 11.9379

8 1 30.1713 17.7448

9 1 41.7892 22.7045

10 1 51.3847 27.7086

Table 5 Estimates of ICWTLS and TLS of the regression model

β̂1 β̂2 TSSR

β̂TLS 2.202224 0.498899 2.321870

β̂ICWTLS 2.025037 0.500074 2.564974

QICWTLS 0.000036 0.000071 σ̂ 2
0 = 0.257960

0.000071 0.000142

scale m) is written in the following form for a single regis-
tered point:

[
X
Y

]

T
=

[
1 0 x y
0 1 y −x

]

S

⎡
⎢⎢⎣

a
b
c
d

⎤
⎥⎥⎦

where [X Y ]T and [x y]S , respectively, denote the coordi-
nates in the target and source systems, with a = �x , b = �y,
c = m cos α, and d = m sin α. If all n registered points are
considered, then, the whole system can be expressed using
the proposed EIV model. Detailed structure of the matrices
within the partial EIV model reads

h
8n×1

=
⎡
⎣

h1

h2

04n×1

⎤
⎦ , B

8n×2n
=

⎡
⎣

04n×2n

I2n×2n

B0

⎤
⎦ , ā

2n×1
=

⎡
⎢⎢⎢⎢⎢⎣

x1

y1
...

xn

yn

⎤
⎥⎥⎥⎥⎥⎦

,

y
2n×1

=

⎡
⎢⎢⎢⎢⎢⎣

X1

Y1
...

Xn

Yn

⎤
⎥⎥⎥⎥⎥⎦

Table 6 Data sets used in planar similarity transformation (Felus and
Schaffrin 2005; Neitzel 2010)

No. X Y x y

1 –117.478 0 17.856 144.794

2 117.472 0 252.637 154.448

3 0.015 –117.41 140.089 32.326

4 –0.014 117.451 130.4 267.027

Table 7 Estimation of ICWTLS and TLS of the transformation model

Estimates β̂ICWTLS β̂TLS

â –141.000000 –141.262790

b̂ –143.500000 –143.931643

ĉ 0.997088 0.999008

d̂ 0.041308 0.041098

x̂1 17.836000 17.853569

ŷ1 144.774000 144.801507

x̂2 252.733597 252.637104

ŷ2 154.420892 154.457926

x̂3 140.095635 140.088954

ŷ3 32.148619 32.318549

x̂4 130.365879 130.402373

ŷ4 267.069794 267.017019

TSSR 0.162254 0.00064

with h1
2n×1

=

⎡
⎢⎢⎢⎢⎢⎣

1
0
...

1
0

⎤
⎥⎥⎥⎥⎥⎦

, h2
2n×1

=

⎡
⎢⎢⎢⎢⎢⎣

0
1
...

0
1

⎤
⎥⎥⎥⎥⎥⎦

, B0
2n×2n

=

⎡
⎢⎢⎢⎢⎢⎣

0 1
−1 0

. . .

0 1
−1 0

⎤
⎥⎥⎥⎥⎥⎦

Data in this example are taken from Felus and Schaffrin
(2005) and Neitzel (2010), as listed in Table 6:

In this example, we provide the following inequality con-
straints for not only the unknown parameters but also the
certain elements within the coefficient matrix:

−141.0 ≤ â ≤ −140.5

−143.50 ≤ b̂ ≤ −143.0

17.836 ≤ x̂1 ≤ 17.876

144.774 ≤ ŷ1 ≤ 144.814

Table 7 shows the ICWTLS estimates β̂ICWTLS and the
TLS estimates β̂TLS. β̂ICWTLS need 3 inner iterations in aver-
age and 12 outer iterations. When both the constraints and
the structure of the coefficient matrix are considered, the esti-
mates β̂ICWTLS indicate that the four inequality constraints
are active and all the constraints are feasible. The results also
indicate that the TSSR of β̂ICWTLS is significantly larger than
that of the TLS estimates as the constraints performed.
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Table 8 Precision of transformation estimates

â b̂ ĉ d̂

QICWTLS 1.075656 –0.597757 –0.000646 –0.004113

–0.597757 1.576147 –0.002591 0.005770

–0.000646 –0.002591 0.000016 –0.000006

–0.004113 0.005770 –0.000006 0.000034

σ̂ 2
0 0.006070

Furthermore, the precision of the parameter estimates and
the variance of the unit weight (Table 8) were implemented
according to the aggregate function method proposed by
Peng et al. (2006). The cofactors of the estimated translations
â and b̂ are much larger than that of the estimates ĉ and d̂.

6 Conclusions and future research

This study proposes an ICWTLS algorithm based on the
establishment of a partial EIV model with inequality con-
straints of parameters and variables. The proposed algorithm
iteratively computes the deduced LCP and thus avoids a
major disadvantage of the most existing methods regarding
the exhaustive searching or combinatorial solution scheme.
Furthermore, we also investigated the precision description
of the ICWTLS estimates using the active constraint method
proposed by Liew (1976) and the aggregate function method
proposed by Peng et al. (2006). Through the example analy-
sis, we demonstrate that the proposed method is efficient
in solving the ICWTLS problem even when the coefficient
matrix is structured and the inequality constraints refer to
both the unknown parameters and random elements within
the coefficient matrix.

In this paper, we assume that the coefficient matrix is a
full-rank matrix. Roese-Koerner and Schuh (2014) devel-
oped a framework for a general solution of a rank-deficient
Gauss–Markov model with inequality constraints. Based on
the above researches, we will further study the rank-deficient
EIV model with inequality constraints.
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