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Polar motion depicts the slow changes in the locations of the poles due to the earth’s internal instantaneous axis of rotation. 
The LS+AR model is recognized as one of the best models for polar motion prediction. Through statistical analysis of the time 
series of the LS+AR model’s short-term prediction residuals, we found that there is a good correlation of model prediction re-
siduals between adjacent terms. These indicate that the preceding model prediction residuals and experiential adjustment ma-
trixes can be used to correct the next prediction results, thereby forming a new LS+AR model with additional error correction 
that applies to polar motion prediction. Simulated predictions using this new model revealed that the proposed method can im-
prove the accuracy and reliability of polar motion prediction. In fact, the accuracies of ultra short-term and short-term predic-
tions using the new model were equal to the international best level at present. 
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The transformation from the International Terrestrial Ref-
erence Frame (ITRF) to the International Celestial Refer-
ence Frame (ICRF) is significant to high-precision space 
navigation and positioning. In turn, Earth orientation pa-
rameters (EOP) are necessary for performing the transfor-
mation. EOP are obtained mainly through Very Long Base-
line Interferometry (VLBI), Doppler Orbitography and Ra-
diopostioning Integrated by Satellite (DORIS), Satellite 
Laser Ranging (SLR), Lunar Laser Ranging (LLR), Global 
Positioning System (GPS), and other related technologies to 
jointly survey and process data. Due to complexity of the 
measurement model and data processing, it is impossible to 
get timely measurements of EOP. Thus, numerous related 
studies have been conducted to improve the model’s effi-
ciency. At present, the precession and nutation model, the 
Universal time-Coordinated Universal time (UT1-UTC) 

model, and the Length Of Day (LOD) model have yielded 
practical prediction results for EOP. However, ideal results 
for the prediction of polar motion have not yet been 
achieved because of its complex activated mechanism that 
includes the gravitation of the sun and moon, the atmos-
phere, and the ocean. Many practical methods to improve 
the utilization efficiency of polar motion predictions have 
been proposed, such as spectral analysis and least squares 
extrapolation [1–3], wavelets and fuzzy inference systems 
[4], Kalman filter combined with Atmospheric Angular 
Momentum (AAM+Kalman filter) [5–10], Least Squares 
and Auto Regressive prediction (LS+AR) [5–8, 11–13], and 
Artificial Neural Network (AAN) [5–8, 14]. To check the 
effects of these methods, the Institute of Geodesy and Geo-
physics of the Vienna University of Technology organized 
the Earth Orientation Parameters Prediction Comparison 
Campaign (EOP PCC) from October 1, 2005 to February 28, 
2008. Twelve experts in time series analysis from 8 coun-
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tries joined this campaign. After comparing more than 20 
prediction methods for more than 2 years, they confirmed 
that the LS+AR method had the highest accuracy among 
polar motion prediction models [8]. 

Local interest in high accuracy prediction of polar mo-
tion started later than abroad. However, the gradual devel-
opment of our spatial planning, especially the Beidou se-
cond-generation satellite navigation system and lunar pro-
ject, has led to an increasingly urgent demand for real-time 
and accurate determination of EOP. Many research institu-
tions have studied polar motion prediction. Zheng et al. [15] 
proposed a prediction model based on the threshold au-
to-regressive algorithm, whereas Wang [16] used the AAN 
to predict EOP. Yang et al. [17] demonstrated the use of an 
adaptively robust filter with multi adaptive factors to effec-
tively improve dynamic prediction accuracy. Xu et al. [18] 
compared LS+AR with ANN and found that the AR model 
achieved higher accuracy in short-term prediction, whereas 
the ANN model showed advantage in middle and long term 
predictions. Xu [19] proposed a GM(1,1) polar motion pre-
diction model based on intercept correction. This method 
used the mean error of previous N terms and applied the 
regulatory factors to correct prediction results, thus leading 
to some improvement of the accuracy of conventional in-
tercept correction. However, our local scholars achieved 
unsatisfactory prediction accuracies using the same existing 
international theories for unknown reasons. In this study, we 
explored and identified the realization mechanisms of the 
LS+AR model, which is internationally recognized as the 
best prediction method [8]. In addition, we attempted to 
improve these realization mechanisms in order to enhance 
the national polar motion prediction to international ad-
vanced levels.  

1  Traditional LS+AR model and algorithm  

1.1  LS model 

The basic form of the trigonometric function and least 
squares model of polar motion prediction is as follows: 
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where a0 is a constant, a1 is an inclination item, a2 and a3 
are periodical items, PA and PC are the anniversary item and 
the period of Chandler item, respectively. 

According to the difference of adjustment conditions, 
there are two ways to solve this formula. First, the ampli-
tude of periodical items can be fixed by spectral analysis or 
other ways in order to expand eq. (1). The linear least 
squares adjustment will be performed afterwards. The se-
cond approach is to perform adjustment for all parameters, 
instead of fixing only the periodical items [11]. However, 

the observation equation of this approach cannot be linear-
ized, so the solution must be obtained by iterative computa-
tions. These two approaches have their respective ad-
vantages and disadvantages in mathematical calculation and 
physical interpretation. The first approach involves simple 
calculations but the theory is not rigorous enough. The iter-
ation method is used to solve coefficients in the second ap-
proach, so that calculation is more complicated and suscep-
tible to the initial value, leading to a non-convergent itera-
tion. Physical interpretation of the second approach is more 
rigorous and is a better reflection of polar motion periodical 
item’s time-variable characteristic because time variation in 
the period of the periodical item is considered. Thus, we 
selected the second approach for this study. Since every 
parameter estimation result varies minimally, we utilized 
the preceding iteration result as the next iteration initial 
value. This technique addressed the problem of divergence 
and allowed every prediction to converge quickly. 

1.2  AR model 

The AR model states that time series variables establish a 
prediction model according to their own regularity [20–22]. 
It can be expressed as: 
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where xt is the prediction result, xti is the original time se-
ries variable, p is the order of AR model, bi is the model 
coefficient, and t is the white noise series after modeling.  

The AR model requires that the modeling time series is a 
stationary random series fulfilling the stationary, normality, 
and zero-mean conditions. In a stationary time series {xt}, 
the mean and variance are constants, and auto covariance is 
related to time interval only and does not rely on time t 
[22–24]. In polar prediction, the trigonometric function LS 
model is not perfect and model residuals follow a systemic 
trend, so that it cannot meet the stationary and normality 
conditions. Therefore, before establishing the AR model, we 
needed to perform a pretreatment for residual series so that 
the stationary and normality conditions will be fulfilled. 
Pretreatment of residual series includes the extraction of the 
inclination item, separation of trend components, and 
standardized treatment. The specific data on the implemen-
tation of these methods are in ref. [22]. The key to using the 
AR model is confirmation of the model order. Commonly 
used standards for order selection include Singular Value 
Decomposition (SVD), Final Prediction Error Criterion 
(FPE), AIC, and BIC [23–26].  

There are two approaches to using SVD for order deter-
mination. Both are based on the assumption that the highest 
order of the AR model is known. The Hankel matrix meth-
od by decomposing high cumulants [25] involves the calcu- 
lation of the time series higher-order statistics (generally 
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greater than 2 orders) and construction of the Hankel matrix 
(matrix rank is less than the greatest possible order of the 
AR model). Then, SVD is used to calculate the rank of the 
Hankel matrix, which corresponds to the best estimate order 
for AR model. This approach is discussed in detail in ref. 
[25]. The second approach is the confirmation of the order 
of the AR model by decomposing the over-determination 
auto correlation coefficients matrix of the Yule-Waller 
equation [26]. Based on the greatest possible order of the 
AR model, the auto correlation coefficients matrix of the 
time series is calculated and the over-determination auto 
correlation matrix—that is, coefficients matrix of 
Yule-Waller equation—is constructed. Then, SVD is ap-
plied to decompose this coefficients matrix and confirm the 
rank of the coefficients matrix, which corresponds to the 
best estimate order for the AR model. This approach is 
thoroughly described in ref. [26]. The two approaches de-
scribed above are essentially consistent, but the calculations 
in the Hankel matrix method are much easier and faster, 
thus making it appropriate for programming. In order to 
maximize the objective function, other order selections are 
also tested. When the objective function is found to result in 
low objective function, the program will repeatedly and 
continuously iterate and compare. Therefore, computing 
speed is slow and efficiency is low. In this study, we uti-
lized SVD to confirm the rank of the AR model.  

1.3  Basic algorithm for modeling prediction 

Figure 1 presents the basic prediction process of the tradi-
tional LS+AR model for polar motion.  

1.4  Accuracy evaluation 

In order to compare prediction results, the mean absolute 
error (MAE) was selected as accuracy evaluation standard 
to keep pace with international standards: 

 Ei=PiOi,  (3) 
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where Pi is the prediction value of No. i, Oi is the observa-
tion in the corresponding period, Ei is the prediction true 
error of No. i (assuming that the observation represents the 
true value), and N is the total number of predictions. All 
basic polar motion parameters in this study were drawn 
from the EOP 05C04 series in IERS (http: //www.iers.org/ 
IERS/EN/DataProducts/EarthOrientationData/eop.html). 

2  LS+AR model with error correction 

2.1  Discovery of the problem 

To analyze the statistical properties of the LS+AR model 
prediction residuals, the traditional LS+AR model was used 
for prediction first. Due to the time variation of the polar 
motion periodical item and inclination item, polar motion 
series with different lengths can result in different models. 
In order to make the results of the study more generalizable, 
we utilized the polar motion series from January 1, 1985 to 
December 31, 2000 as basic series. Basic polar motion se-
ries with spanning 6, 9, 12, and 15 yr at intervals of 30 d 
and spanning 30 d, to a total of 121 predicted periods, were 
included in the study. Periodical true errors are shown in 
Figure 2. True error, instead of absolute error, was deter-
mined because true error is a better reflection of the correla-
tion properties in each periodical observation. 

In Figure 2, the color in every sub-graph changes gently 
and naturally; sudden change rarely occurs. This is very 
important to limit the existence of larger errors after addi-
tional error correction. Furthermore, each prediction residu-
al changed minimally and the trend of change was con-
sistent in terms of direction and magnitude. Statistical anal-
ysis of adjacent correlation coefficients revealed an obvious 
correlation between adjacent errors (Figure 3). 

There was a positive correlation between adjacent pre-
diction errors and this correlation was more obvious in the 
y-axis. About 53.1% correlation coefficients in the x-axis 
were greater than 0.7 and about 72.3% correlation coeffi-
cients in the y-axis were greater than 0.7. Subsequent data 
processing confirmed that the correction effects in the y-axis 
were better than those in the x-axis. 

 

 

Figure 1  Polar motion prediction process. 
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Figure 2  Polar motion prediction errors corresponding to the basic series of different durations.  

 

Figure 3  Correlation coefficient statistics of adjacent prediction errors.

2.2  A new LS+AR model added with error correction 

We used the intercept correction on the error of the predic-
tion model in order to improve prediction accuracy. Inter-
cept correction refers to the utilization of the previous mod-
el’s prediction error to correct the current prediction’s re-
sults [19, 27, 28]. 

The most commonly used intercept correction method 
involves the use of the average value of previous N predic-
tion errors to correct current prediction results and improve 
prediction accuracy. Briefly, assume the following predic-
tion model: 

ˆ ,t ty a bx               (5) 
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where y is the predicted object, a is a constant, and b is the 
coefficient of variation. The prediction model after intercept 
correction is: 

 ˆ .t t ty a bx e    (6) 

In eq. (6), 
1

1
ˆ( ),

N

t t i t i
i

e y y
N  



   N is the prediction num-

ber selected, te  is the average value of previous N predic-

tion errors, and yti and ˆ
t iy   are the (ti)th true value and 

prediction value.  
This method can improve model prediction mean error, 

but is inadequate in improving the predicted root mean 
square error [19]. Xu [19] proposed that increasing the ad-
justment coefficients to adjust the influence of previous N 
prediction mean error can lead to improvement of the inter-
cept correction method, so that it can be used in short-term 
prediction of polar motion. For more details, consult ref. 
[19]. However, the prediction time in polar motion predic-
tion is 1 d only, whereas the shortest prediction time in EOP 
PCC is 10 d. Therefore, we believe that this method alone 
cannot satisfactorily evaluate the validity and reliability of 
the proposed method. Moreover, this method does not meet 
the polar motion prediction criteria that adjacent prediction 
errors have strong corrections, since it uses the average 
value of previous N prediction errors to correct current pre-
diction results. 

From the statistical perspective, this study exploited the 
strong correction of adjacent prediction error in the tradi-
tional LS+AR polar motion prediction model to propose a 
new method with additional error correction. The proposed 
method utilizes the preceding prediction error only to cor-
rect the next prediction result in order to improve prediction 
accuracy. In addition, the sensitivity differences of adjust-
ment coefficients in different prediction moments—that is, 
different times use different adjustment coefficients—were 
considered. The new correction formula is as follows: 

 1,i i i iP P B E    (7) 

where Bi is D (prediction span) rank diagonal matrix. The  

diagonal elements consist of adjustment coefficients, which 
represent the i th adjustment matrix. Ei1 is the preceding 
prediction error matrix (diagonal matrix). 1

j
ie   is an ele-

ment in Ei1, which represents the jth day’s prediction error 
in the (i1)th term. The adjustment matrix can be confirmed 
by a principle stating that prediction error is least after pre-
vious N corrections. Its basic functional model is: 

 1,i i i iE E B E     (8) 
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where iE  is the residual after the ith period’s error correc-

tion. Other symbols are as defined above. The prediction 
process of the new LS+AR model with additional error cor-
rection is presented in Figure 4. 

3  Prediction analyses of the new LS+AR model 
with error correction 

3.1  Optimal length of prediction series 

In order to achieve the best prediction results, the optimal 
basic series length must be determined first. We used the 
same prediction model and correction method for prediction 
based on the basic polar motion series of 6, 9, 12, and 15 yr. 
Results of statistical average absolute prediction error and 
root mean square are shown in Figure 5. 

The x- and y-axis prediction accuracy using 6 years of 
polar motion series was better than that for other lengths. 
Thus, we selected 6 yr as the optimal length of polar motion 
series as basic series in this study. 

3.2  Calculation of adjustment matrix 

The selection of appropriate prediction periods to calculate 
the adjustment matrix is the key to improving prediction 
correction results. In this study, we separately used errors 
from the preceding 10, 20, and 30 periods to calculate the  

 
 

 

Figure 4  Prediction process of the LS+AR model after error correction. 



 Yao Y B, et al.   Sci China Earth Sci   May (2013) Vol.56 No.5 823 

 
Figure 5  Average accuracy of predictions for 10 days (a) and 30 days (b). 

adjustment matrix. Then, the new LS+AR model with addi-
tional error correction was applied. Results are shown in 
Figure 6. 

The correction effect for different lengths of prediction 
errors to calculate the adjustment matrix is almost similar in 
the y-axis. In the x-axis, the maximum effect is achieved 
using the preceding 20 periods. Prediction of 10 days re-
vealed concurring results. Therefore, we selected LS+AR 
model using the preceding 20 periods errors to calculate 
adjustment matrix and analyze the predictions.  

3.3  Analysis of results 

We utilized 6 years of basic polar motion series from Janu-
ary 1, 2001 to December 31, 2010 for prediction. These 
included 336 periods of 10 days super short-term prediction 
and 120 periods of 30 days short-term prediction. Absolute 
errors before and after correction for every prediction are 
shown in Figure 7. 

Figure 7(a) and (b) are the statistical graphs of the abso-
lute errors series for 10 days and 30 days prediction before 
and after correction. Absolute prediction errors obviously 
improved after additional error correction (e.g., shade be-
came diluted after error correction). This diluting effect was 
more obvious when prediction error was greater, indicating 
that the proposed method has the unique advantage of being 
able to restrain large error influences. This property is de-
termined by the continuity and correlation of the LS+AR 

model prediction error. Findings confirm the soundness of 
the theory of the proposed method.  

Figure 8 shows that additional error correction resulted in 
further improvement of the prediction results, especially in 
the y-axis. Moreover, similar prediction accuracy can be 
achieved after error correction regardless of the length of 
polar motion series utilized. This finding is very obvious in 
the case of 10 days prediction (Figure 9). 

After error correction, the influence of different lengths 
of basic series to polar motion prediction was diminished. 
This finding suggests that error correction is beneficial to 
reducing the influence of the polar motion periodic item’s 
time variation on polar motion prediction. 

In order to compare with EOP PCC prediction results, we 
used 6 years of basic polar motion series similar to that in 
EOP PCC (from October 1, 2005 to 28 February 2008). 
These included 88 periods for 10 days ultra short-term pre-
diction and 28 periods for 30 days short-term prediction.  

Figure 10 shows that the error correction method pro-
posed in this study achieved the EOP PCC’s best prediction 
accuracy in 10 days ultra short-term prediction and 30 days 
short-term prediction (yellow lines). Dotted lines represent 
comprehensive prediction accuracy and not a prediction 
accuracy of some method. Details are described in reference 
[8]. Prediction accuracies of 1–30 days prediction using the 
method proposed in this study and the best method in EOP 
PCC are presented in Table 1.  
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Figure 6  Mean prediction errors using different periods before and after correction. (a) Correction using the 10 preceding periods; (b) correction using the 
20 preceding periods; (c) correction using the 30 preceding periods. 

 
Table 1 shows that 2–4 days prediction accuracy was 

better than EOP PCC in the x- and y-axes. The 6–26 days 
prediction accuracy was better than or the same as EOP 
PCC in the x-axis, whereas that in the y direction was worse 
than that of EOP PCC in general. This finding can be at-

tributed to the strong correlation between adjacent predic-
tion errors, causing short-term correction accuracy to be 
better than long-term correction accuracy. Results indicate 
that the model proposed in this study has an obvious ad-
vantage in ultra short-term prediction.
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Figure 7  Comparison of absolute errors for 10 days (a) and 30 days (b) prediction before and after correction. 
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Figure 8  Mean absolute error for 10 days (a) and 30 days (b) prediction before and after correction. 

Table1  Comparison of mean absolute error in the x- and y-axes 

 
Method used herein EOP PCC 

x (mas) y (mas) x (mas) y (mas) 
2 0.58 0.38 0.8 0.5 
4 1.19 0.84 1.6 0.9 
6 1.86 1.26 2.2 1.2 
8 2.59 1.64 2.8 1.5 
10 3.18 1.95 3.3 1.7 
14 4.57 2.62 4.8 2.4 
18 5.96 3.59 6.0 3.0 
22 7.24 4.04 7.1 3.5 
26 7.88 4.24 8.0 4.1 
30 9.17 5.13 9.0 4.8 

 

 

Figure 9  Mean average error for 10 days prediction using different lengths of basic polar motion series before and after error correction. 
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Figure 10  (a) Results of prediction using the LS+AR model with additional error correction; (b) results of prediction using EOP PCC [8]. 

4  Conclusions 

In this study, statistical analysis of the prediction error of 
the LS+AR model revealed a strong correlation. We pro-
posed that the preceding prediction error can be used to 
correct the next period’s prediction value in order to im- 

prove prediction accuracy. Experimental analysis demon-
strated that the accuracy in short-term prediction of the 
proposed method was obviously better than that of directly 
using the LS+AR model, which has achieved the interna-
tional best level. After correction, the proposed model’s 
main advantage is its ability to effectively prevent larger 
prediction errors and enhance the availability of the predic-
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tion model. Prediction accuracy was not sensitive to the 
length of the basic polar motion series, so that the correction 
process was very simple and fast while fully utilizing the 
previous prediction errors. The LS+AR model with addi-
tional error correction provides a new approach to improv-
ing national polar motion short-term prediction and can 
provide high accuracy polar motion prediction for accurate 
orbit determination for satellites. At present, the proposed 
method cannot be used for middle-term prediction of more 
than 1 year because of the large amount of data required for 
error correction. 
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