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Abstract

The Global Positioning System (GPS) has been applied in meteorology to monitor the change of Precipitable Water Vapor (PWV) in
atmosphere, transformed from Zenith Wet Delay (ZWD). A key factor in converting the ZWD into the PWV is the weighted mean tem-
perature (T m), which has a direct impact on the accuracy of the transformation. A number of Bevis-type models, like T m � T s and
T m � T s; Ps type models, have been developed by statistics approaches, and are not able to clearly depict the relationship between
T m and the surface temperature, T s. A new model for Tm, called weighted mean temperature norm model (abbreviated as norm model),
is derived as a function of T s, the lapse rate of temperature, d, the tropopause height, htrop, and the radiosonde station height, hs. It is
found that T m is better related to T s through an intermediate temperature. The small effects of lapse rate can be ignored and the tropo-
pause height be obtained from an empirical model. Then the norm model is reduced to a simplified form, which causes fewer loss of
accuracy and needs two inputs, T s and hs. In site-specific fittings, the norm model performs much better, with RMS values reduced aver-
agely by 0.45 K and the Mean of Absolute Differences (MAD) values by 0.2 K. The norm model is also found more appropriate than the
linear models to fit T m in a large area, not only with the RMS value reduced from 4.3 K to 3.80 K, correlation coefficient R2 increased
from 0.84 to 0.88, and MAD decreased from 3.24 K to 2.90 K, but also with the distribution of simplified model values to be more rea-
sonable. The RMS and MAD values of the differences between reference and computed PWVs are reduced by on average 16.3% and
14.27%, respectively, when using the new norm models instead of the linear model.
� 2017 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Water vapor is one of the most active gases on the Earth
surface, and is unevenly distributed in time and space (Yao
et al., 2012). It affects the long-term and short-term changes
in weather and climate. It has been a main research focus
for meteorologists to monitor the change of water vapor.
In the ground-based GPS meteorology, the GPS signal
delay due to the atmospheric refraction is used to study
water vapor contents. The delay in the zenith direction is
called zenith total delay, and the Zenith Wet Delay
(ZWD) can be separated from the zenith total delay by
https://doi.org/10.1016/j.asr.2017.09.023
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removing the zenith hydrostatic delay. Bevis et al. (1992)
discussed the principle of applying GPS technology to
detect water vapor contents, derived from the relationship
between the ZWD and the precipitable water vapor
(PWV), and obtained a linear regression model relating
the weighted mean temperature to the surface temperature
using 8718 radiosonde data distributed in the middle lati-
tude region of the USA. That makes the transformation
of ZWD to PWV possible, and the GPS technology since
then has become an important technology to monitor the
change of water vapor contents.

GPS can obtain high spatial and temporal resolution of
the precipitation, and has a wide range of applications. The
variation characteristics of precipitable water vapor can be
used as an indicator to detect the fog (Lee et al., 2010), to
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correct the InSAR data affected by the water vapor
(Lindenbergh et al., 2009), and to estimate the arrival time
of plum rain in China (Cao et al., 2007). Therefore, it has
an important significance for numerical weather prediction
and climate related research (Heise et al., 2015).

When the wet refractivity on a profile is available, the
ZWD can be obtained from the following equation
(Singh et al., 2014)

ZWD � 10�6
Xn
i¼1

Ni
w þ Niþ1

w

2
DHiþ1;i ð1Þ

where Nw is the wet refractivity, i is a point on the profile,
Hiþ1;i is the geopotential height difference between points
iþ 1 and i, and n is the total number of points available
along the profile. The wet refractivity Nw is given by
Thayer (1974)

Nw ¼ k02
e
T
þ k3

e

T 2

� �
Z�1
w ð2Þ

where e is the partial pressure of the water vapor in mbar,
k02 and k3 are the atmospheric refractivity constants (Davis
et al., 1985; Bevis et al., 1994), k02 ¼ 16:5� 10 K=mbar;

k3 ¼ 377:600� 3000 K2=mbar, and Z�1
w is

Z�1
w ¼ 1þ 1650

e

T 3

� �
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þ 1:44T 3
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where T c and T are the dew point temperatures in Celsius
and Kelvin, respectively.

When the ZWD is available, the PWV can be computed
by

PWV ¼ P� ZWD ð4Þ
where

Q
can be expressed by equation

P ¼ 106

qwRv½k3=T m þ k02�
ð5Þ

where qw is the density of water, Rv is the specific gas
constant.

Therefore, the ZWD can be estimated from radiosonde
data using Eqs. (1)–(3). The estimated PWV from radio-
sonde data using Eq. (4) will serve as reference in analyzing
the performance of estimating the PWV using different Tm

models.
The weighted mean temperature, Tm, is given by Bevis

et al. (1994)

Tm ¼
R
e=TdhR
e=T 2dh

ð6Þ

where the integration is made from the station to the tropo-
pause, their heights being hs and htrop, respectively.

Achieving accuracy of 1% and 2%, respectively, in PWV
would require errors in Tm less than 2.74 K and 5.48 K on
average, respectively (Wang et al., 2005). This means the
accuracy of T m has to be improved. For an area without
radiosonde data, it is impossible to calculate Tm from Eq.
(6). So many regional or global linear models have been
developed, such as linear models between Tm and T s

(Bevis et al., 1992; Mendes et al., 2000; Solbrig, 2000),
and Tm and ðT s; eÞ (Singh et al., 2014). In addition, a
non-meteorological parameter model for computing Tm

was suggested by Yao et al. (2012), only requiring the input
parameters of time and 3D coordinates of the observing
station. All models mentioned above have been developed
by using mathematical fitting techniques, but they lack the-
oretical basis, and thus it is subjective in determining which
parameters are included in the fitting.

In the following, Eq. (6) is re-formulated into a new
function form by using the functional inner product and
functional norm. The resulting equation is called the
weighted mean temperature norm equation. The norm
equation gives theoretical descriptions of how the influenc-
ing parameters affect T m. In site-specific situations, the
effects of temperature lapse rate, d, and ðhtrop þ hsÞ, on
the fitting performance are assessed to propose a simplified
model. The norm model and its simplified model are then
determined using the radiosonde data of 84 stations in
China between 2008 and 2010, and compared with linear
models of T m. Finally, four radiosonde stations at different
latitudes are chosen to study the performance of the simpli-
fied model in retrieving the PWV. In the performance eval-
uation, the ZWD, Tm and PWV, computed respectively
from Eq. (1), (6) and (4), are used as reference.
2. Derivation of the weighted mean temperature norm model

By using the functional norm, Eq. (6) can be expressed
as (Yao et al., 2015)

Tm ¼ kT k � uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
htrop � hs

p ð7Þ

where T is the norm of the temperature along the profile
above the observing station. The derivation process from
Eq. (6) to Eq. (7) is given in Appendix A. The models
deduced from Eq. (7) are collectively called the weighted
mean temperature norm models, norm models for short.

The temperature at a height h over an observing station
can be expressed by T ¼ T s þ dðh� hsÞ, assuming that the
temperature decreases linearly with the height. And the
expression of T ¼ T s þ dðh� hsÞ can be simplified as follow

T ¼ T k þ dh ð8Þ

where T k ¼ T s � dhs, the expression of T is then obtained
as

kTk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ htrop

hs

ðT s þ dðh� hsÞÞ2dh
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ htrop

hs

ðT k þ dhÞ2dh
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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3d
ðT k þ dhÞ3

���htrop
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¼ T k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
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s
ð9Þ

The approximate expressions of u is given by Yao et al.
(2015)

u ¼ b
T k

� bdðhtrop þ hsÞ
2T 2

k

þ bw1 ð10Þ

where b is related to the temperature and water vapor
pressure.

Making the Taylor series expansion to the first order,
the specific expression of T is given as follow

kTk¼ T k

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
htrop�hs

p
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where w1 and w2 have relationships with d, htrop, T k, and hs
below
w1 ¼ 1
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Substituting Eq. (10) and Eq. (11) into Eq. (7), T m can be
expressed as follow

Tm ¼ ð1þ w2Þbw1T k � bdw2ðhtrop þ hsÞ
2T k

þ bw1d
2ðh2trop þ h2s þ htrophsÞ

6T k
� bd2ðhtrop þ hsÞ2

4T 2
k

þ bd2ðh2trop þ h2s þ htrophsÞ
6T 2

k

� bd3ðhtrop þ hsÞðh2trop þ h2s þ htrophsÞ
12T 3

k

þ bw1dðhtrop þ hsÞ
2

þ ð1þ w2Þb ð14Þ

Introducing coefficients ai; i ¼ 1; 2; . . . ; 7, Eq. (14) is simpli-
fied to
Tm ¼ a0 þ a1T k þ a2
dðhtrop þ hsÞ

T k
þ a3

d2ðh2trop þ h2s þ htrophsÞ
T k

þ a4
d2ðhtrop þ hsÞ2

T 2
k
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T 2
k
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d3ðhtrop þ hsÞðh2trop þ h2s þ htrophsÞ

T 3
k

þ a7dðhtrop þ hsÞ

ð15Þ

where coefficients ai; i ¼ 1; 2; . . . ; 7 are

a0 ¼ ð1þ w2Þb; a1 ¼ ð1þ w2Þbw1; a2 ¼ � bw2

2
; a3 ¼ bw1

6

a4 ¼ � b
4
; a5 ¼ b

6
; a6 ¼ � b

12
; a7 ¼ bw1

2

Consider the facts that d is about 6.5 K/km, the average
station height hs is about 1 km, and the maximum value
of hs is no more than 10 km. If the surface temperature is

273 K, then T 2
s � 74529 and dhs � 65. Therefore

T 2
s � dhs, it is appropriate to make the following approxi-

mation for 1
T k
1

T k
¼ 1

T s � dhs
¼ 1

T sð1� dhs=T sÞ �
1

T s
ð1þ dhs

T s
Þ � 1

T s
ð16Þ

Substituting Eq. (16) into Eq. (15) and rearranging, we can
get the expression

Tm � a0 þ a1T s þ a2
dðhtrop þ hsÞ

T s
þ a3

d2ðh2trop þ h2s þ htrophsÞ
T s

þ a4
d2ðhtrop þ hsÞ2

T 2
s

þ a5
d2ðh2trop þ h2s þ htrophsÞ

T 2
s

þ a6
d3ðhtrop þ hsÞðh2trop þ h2s þ htrophsÞ

T 3
s

þ a7dðhtrop þ hsÞ

ð17Þ
It can be found, from Eq. (14), that the coefficients
ai; i ¼ 1; 2; . . . ; 7, are functions of d, htrop, T s, and hs. Eq.
(14) reveals that T m is not a simple linear function of T s,
but a complicated function of T k.

When Eq. (17) is truncated to Tm ¼ a0 þ a1T s, it is then
similar to the Bevis linear model Tm ¼ b0 þ b1T s. Eq. (15)
demonstrates that a1 is affected by the four influencing fac-
tors. These factors have different features. The temperature
lapse rate is closely related to the environment and latitude.
The tropopause height near the equator is maximal, and
gradually reduces toward the poles (Añel et al., 2007). Some
studies concluded that regionally optimized models do not
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have superior performance compared to the global models
(Singh et al., 2014; Ross and Rosenfeld, 1997), and the
site-specific model has a better accuracy. This can be
explained by examining Eq. (17), where the coefficients are
affected by the water vapor pressure ðP sÞ, d, htrop, T s, and
hs. The relationships between the weighted mean tempera-
ture and these influencing factors are given for the first time.

3. Assessment of weighted mean temperature norm model

using radiosonde data in China

Considering the complexity of the expression, the data
from China’s 84 radiosonde stations over a 3-yr interval
is used to analyze the relevant influencing factors in Eq.
(17). Fig. 1 shows the locations of the 84 radiosonde sta-
tions in China, which are generally well distributed except
in the Tibet region. This section is to analyze the effects of d
and ðhtrop þ hsÞ on the fitting performance, which will result
in a simplified model for convenient application without
much loss of accuracy. The assessment results, obtained
from using site-specific data and regional data, demon-
strate the validity of the new models.

The experiments are conducted following the workflow
illustrated in Fig. 2. Three model variants, originated from
Eq. (17), are obtained by removing some parts of Eq. (17).
Each model variant will then have a RMS value, and a
RMS ratio is defined as a metric to assess the effects of rele-
vant influencing factors on the performances of data fitting.
In Section 4, four stations are selected to illustrate howmuch
a simple norm model can improve the accuracy of PWV.

3.1. The effects of d and ðhtrop þ hsÞ on the fitting

performance

The radiosonde balloons are launched twice a day.
The data contains the temperature profiles and station
Fig. 1. Distribution of radio
information, such as the height of station (hs). It’s easy
to obtain the lapse rate, based on the assumption that
the temperature decreases linearly with the height. The tro-
popause is defined by the change rate of temperature
(Nagurny, 2003; Seidel et al., 2001) and can be obtained
by the analysis of COSMIC occultation data (Schmidt
et al., 2004). Liu (2015) proposed a global tropopause
model, using global COSMIC data of 2008–2010. This
model is based on the hypothesis that the tropopause
height is a function of time and latitude of observing sta-
tion given by Eq. (18). Table 1 lists the coefficients of the
model.
htropðt;uÞ ¼ a0ðtÞ þ a1ðtÞ cosðwðtÞuÞ þ b1ðtÞ
� sinðwðtÞuÞ ð18Þ
where t is the time of the observation and u is the latitude
of observe station.

Now, the focus is turned to the performance of the norm
model. Clearly, the Tm in Eq. (17) can be denoted as
f ðhs; htrop; T s; dÞ. Three variants are proposed by removing
some parts in the equation with an intention to understand
the effects of d and ðhtrop þ hsÞ on the fitting performances.
The expressions of three model variants of Eq. (17) are
given as follow:
f ðT sÞ : T m � a0 þ a1T s þ a2
T s

þ a3
T 2

s

þ a4
T 3

s

ð19Þ
f ðT s;dÞ : Tm � a0þa1T sþa2
d
T s

þa3
d2

T s
þa4

d2

T 2
s

þa5
d3

T 3
s

þa6d

ð20Þ
sonde stations in China.



Fig. 2. Experiment workflow.

Table 1
the coefficients of the tropopause model.

Coefficients Values

a0 13:503� 0:1089 cosð2pt=365Þ � 0:2525sinð2pt=365Þ
a1 4:01015þ 0:08538 cosð2pðt þ 38Þ=365Þ þ 0:60328sinð2pðt þ 38Þ=365Þ
b1 0:2887� 0:1836 cosð2pðt þ 38Þ=365Þ � 0:9238sinð2pðt þ 38Þ=365Þ
w 0:046345þ 0:001109cosð2pt=365Þ-0.001885sin(2pt=365)
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f ðT s;hs;htropÞ : T m � a0þa1T sþa2
ðhtropþhsÞ

T s

þa3
ðh2tropþh2s þhtrophsÞ

T s

þa4
ðhtropþhsÞ2

T 2
s

þa5
ðh2tropþh2s þhtrophsÞ

T 2
s

þa6
ðhtropþhsÞðh2tropþh2s þhtrophsÞ

T 3
s

þa7ðhtropþhsÞ ð21Þ
Denote RMS0 as the root mean square of f ðT sÞ, RMS1 for
f ðT s; dÞ, and RMS2 for f ðT s; hs; htropÞ. RMS0 can be used
as a reference value because of the strong correlation
between Tm and T s, demonstrated by many scholars. The
following ratios are introduced:

ratio1 ¼ RMS1
RMS0

; ratio2 ¼ RMS2
RMS0

ð22Þ

The ratio values represent the proportion of the RMS1 and
RMS2 in the RMS0. The higher the ratio value is, the smal-
ler the effects of including more influencing factors will be.
Site-specific data is used to analyze the properties of three
variants, with the corresponding results shown in Fig. 3.

The inclusion of d and ðhtrop þ hsÞ in the norm equation
is intended to reduce the root mean square values of data
fitting. The range of ratio1 is between 0.86 and 1.02. The
range of ratio2 is between 0.65 and 0.99. It appears that d



Fig. 3. The ratios of corresponding results.

1 For interpretation of color in Figs. 4–6, the reader is referred to the
web version of this article.

J. Liu et al. / Advances in Space Research 61 (2018) 402–412 407
has a strong impact on the model fitting than that of
ðhtrop þ hsÞ in the region of latitudes between 15� and 32�,
while the differences of the ratios in these areas are very
small, in fact, no more than 0.05. Outside this region, the
ratio2 of ðhtrop þ hsÞ has lower values which decrease with
the increasing latitude, and the differences between two
ratios exceed 0.1, which implies that ðhtrop þ hsÞ has domi-
nant effects on the fitting performance. The values of
ratio2 in the region of latitude from 32� to 36� drop sharply
due to drastic tropopause change. This behavior is consis-
tent with the study of tropopause height of Xu et al. (2013),
and it demonstrates that the tropopause height indeed has
a major impact on the weighted mean temperature. In the
high latitude regions, tropopause plays a more important
role in affecting the weighted mean temperature, and Eq.
(17) gives a clear description of the relationship between
tropopause and the weighted mean temperature for the first
time.

From the above analysis, the relative small effects of d
on the fitting performance can be ignored. Therefore,
Eq. (17) can be further simplified:

Tm � a0 þ a1T s þ a2
ðhtrop þ hsÞ

T s
þ a3

ðh2trop þ h2s þ htrophsÞ
T s

þ a4
ðhtrop þ hsÞ2

T 2
s

þ a5
ðh2trop þ h2s þ htrophsÞ

T 2
s

þ a6
ðhtrop þ hsÞðh2trop þ h2s þ htrophsÞ

T 3
s

þ a7ðhtrop þ hsÞ

ð23Þ

Obviously, Eq. (23) is a concise form. Eq. (17) and Eq. (23),
denoted as f 1 and f 2, respectively, are assessed using the
site-specific radiosonde data of 84 stations in 2008–2010
all over China. As comparisons, two linear models from
Sapucci (2014), denoted as g1 and g2, are also assessed:

g1 : Tm ¼ b0 þ b1T s ð24Þ
g2 : Tm ¼ c0 þ c1T s þ c2Ps ð25Þ
3.2. Modelling performance in site-specific station

In this section, the site-specific modelling performance,
using the four models mentioned above, is assessed to
investigate the differences between these models. This paper
will use RMS and MAD as the measures to evaluate qual-

ities of the data modelling, and R2 to judge the degree of
correlation between reference and fitted T m. The larger

the R2 value is, the stronger the correlation will be.
The results are illustrated in Fig. 4, generated from the

data of 84 radiosonde stations. The model f 1 is colored
by red,1 f 2 by blue, g1 by cyan, and g2 by green. The blue
and green lines are surrounded by the red and cyan lines in
the RMS picture, and the blue line is below the green line.
The blue and cyan lines are surrounded by the red and
green lines in MAD picture, the blue line is overlapped with
the cyan line in the low latitudes, while the blue line grad-
ually falls and is under the cyan line with increasing lati-
tude. The red line shows strong correlations of the
weighted mean temperature, and the blue and cyan lines

share similar trends in the R2 picture.
Therefore, the conclusions can be drawn from Fig. 4

that, in the site-specific situations, f 1 has the best perfor-
mance, f 2 is inferior to f 1, g2 is inferior to f 2, and the g1



Fig. 4. Site-specific fitting of RMS, MAD, and R2 at China radiosonde stations.
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is worst among the four models. In the three figures,
although f 2 and g2 have similar trends, f 2 performs better
than g2 with lower values of RMS and MAD on the whole.
3.3. Modelling performance in China region

The performances of f 1, f 2; g1, and g2 over the whole
China region are analyzed using all the radiosonde data.
The RMS values are 3.80 K, 3.79 K, 4.30 K and 3.92 K
for f 1, f 2; g1, and g2, respectively; the MAD values are

2.91 K, 2.90 K, 3.24 K, 3.06 K; and the R2 values are:
0.88, 0.88, 0.84, 0.87. The differences in the RMS, MAD

and R2 values of f 1 and f 2 are relatively small. It indicates
that the simplified Eq. (23) doesn’t cause much loss of
accuracy.

Fig. 5 illustrates the performance of the four models.
The first picture reflects the distribution of f 1 (red colored)
and g1 (cyan colored), the second one reflects that of f 2

(red colored) and g2 (cyan colored). The distribution of
f 1 has obvious stripping patterns. This phenomenon
reflects the combination effects of the temperature lapse
rate and tropopause height on the weighted mean temper-
ature, which have strong relationships with latitudes. The
distribution f 2 becomes more concentrated because of
ignoring the effects of temperature lapse rate. The distribu-
tion of g2 seems unreasonable. The amount of water vapor
can be very scarce in winter and plentiful in summer. The
seasonal changes in the water vapor content perhaps make
the distribution of g2 unreasonable and the g2 model grad-
ually degenerates into g1 model when temperature gets
cold. Therefore, it will be much better to use the tropo-
pause instead of water vapor as argument when fitting
the models and the simplified Eq. (23) can achieve better
accuracy on the whole.

4. Applications of norm models in retrieving PWV

From the discussion on the performance of the four
models, we recommend model f 2. The new weighted mean
temperature model can improve the accuracy of PWV. It
has been proved by Bevis et al. (1994). The uncertainties
in
Q

can be derived from the uncertainties in the weighted
mean temperature, Tm, and in the physical constants k02,
and k3. Let the errors in these quantities be rT ; r, and r3,
respectively. We can derive the relative error of the impor-
tant parameter

Q
in Eq. (5):

rP

P
¼ PqwRv

106
r2
3

T 2
m

þ r2 þ k23
r2
T

T 4
m

� �1=2

ð26Þ

By neglecting the small contribution of k02 to the value of
the leading term

Q
on the right hand side of Eq. (26), we

find

rP

P
� r2

3

k23
þ r2

T

T 2
m

 !1=2

� rT

T m
ð27Þ

Eq. (27) approximates Eq. (26) in an accuracy of better
than 2%. Although we use Eq. (26) to evaluate the error
in
Q
, we can gain interesting insight into the evolution of

this error by examining Eq. (27). In particular we can see

that if rT is sufficiently large and the term r2
T=T

2
m dominates

r2
3=k

2
3, then the relative error in

Q
will closely approximate

the relative error in Tm.



Fig. 5. Fitting performance using f 1; f 2; g1 and g2 in China region.

Table 2
The information of the four stations.

Station number Latitude/� Longitude/� Altitude/m

59981 16.83 112.33 5.0
58457 30.23 120.16 43.0
52418 40.15 94.68 1140.0
50557 49.16 125.23 243.0
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Assuming that the values of ZWD are given without
errors, if Tm has less error,

Q
will have less error too. This

will improve the converting accuracy of ZWD to PWV.
Therefore, our new model of the weighted mean tempera-
ture will improve the accuracy of PWV indirectly.

In order to further illustrate how much the new model
improves the accuracy of PWV, four stations are chosen.
Table 2 lists the information of the four stations. First,
Eq. (1) is used to calculate the reference ZWD values of
the four stations, and then Eq. (4) is used to calculate the
reference values of PWV. Finally, the reference PWV val-
ues are compared to those computed using f 2 and g1.
The reference PWV and ZWD values and their correspond-
ing computed PWV values are shown in Fig. 6. In this fig-
ure, the red colored values using f 2 are closely following
the reference values, which suggests f 2 performs better
than g1 when retrieving PWV.

Table 3 shows that f 2andg1 perform almost the same at
station 58,457 located in the middle latitude. At other three
stations, the RMS values of f 2 are better off by 16.3% on
average than that of g1, and the MAD values are reduced
by 14.27% on average. This proves the superiority of f 2

over g1 when retrieving the PWV.



Fig. 6. Application of f 2 and g1 in calculating PWV at four radiosonde stations.

Table 3
The RMS, MAD of the differences between the computed and the reference PWV values.

Station number f 2 g1 Change in %

RMS/mm MAD/mm RMS/mm MAD/mm RMS MAD

59,981 0.337 0.264 0.372 0.296 10.39 12.12
58,457 0.272 0.204 0.278 0.205 2.21 0.49
52,418 0.140 0.094 0.170 0.110 21.43 17.2
50,557 0.140 0.089 0.164 0.101 17.14 13.48
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5. Conclusions

The weighted mean temperature is a key parameter for
calculating the precipitable water vapor. Many linear mod-
els have been developed with the regression method, which
lack of solid theoretical reasoning. Starting from its defini-
tion, a new reliable model of the weighted mean tempera-
ture considering four influencing factors, d, htrop, T s, and
hs, is presented in this paper, and theoretical explanations
are provided to reveal the relationship between the
weighted mean temperature and the influencing factors.
A more rigorous relationship between the weighted mean
temperature and the surface temperature is obtained. The
new model appears the first of its kind to quantitatively
analyze the influencing factors of weighted mean
temperature.

Ignoring the effects of temperature lapse rate results in a
simpler norm model. The tropopause height can be
obtained from the empirical model, and the numbers of
the simpler model inputs are further reduced to two, the
surface temperature and station height.

When fitting site-specific data, the RMS and MAD val-
ues of f 1 are smallest and the values of f 2 are smaller than
those of the other two models. Over larger areas the perfor-
mance of f 2 is even better than that of f 1. Model g2 is not
recommended. Although it performs better in summer
time, seasonal changes of water vapor will make it degen-
erate into model g1 in other seasons. The RMS and
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MAD values of the normal model are 3.8 K and 2.9 K
respectively in China region.

Finally, the use of the model f 2 is clearly better than
model g1 in retrieving the PWVs at the four testing radio-
sonde stations, with the RMS and MAD values reduced by
about 16.3% and 14.3%, respectively.

The effect of the water vapor pressure on the weighted
mean temperature norm model has not been discussed in
this paper, which will be part of the future work. The long
term objective of this work is to take more careful consid-
eration of all influencing factors, such as the appropriate-
ness of the temperature being linearly related to the
height and the tropopause model, in the construction of
more accurate empirical models.
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Appendix A

A.1. The functional inner product (Zhang, 2004)

If xðtÞ and yðtÞ are two function vectors of variable t,
their inner product is defined as:

hxðtÞ; yðtÞi ¼
Z b

a
xðtÞT yðtÞdt ðA:1Þ

where t 2 ½a; b� and a < b.
The intersection angle between the two function vectors

is defined as

cosðuÞ ¼ hx; yiffiffiffiffiffiffiffiffiffiffiffihx; xip ffiffiffiffiffiffiffiffiffiffiffihy; yip ¼
R b
a xðtÞT yðtÞdt

kxðtÞk � kyðtÞk ðA:2Þ

where xðtÞ is the norm of xðtÞ, and is given by

kxðtÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ b

a
xðtÞT xðtÞdt

s
ðA:3Þ
A.2. Derivation of norm equation of Tm

Let hs be the height of a ground site, htrop the tropopause
height, and [hs, htrop] the integral interval for the weighted
mean temperature. Eq. (A.4) is then the definition of the
weighted mean temperature, T:

Tm ¼
R htrop
hs

e
T dzR htrop

hs
e
T 2 dz

ðA:4Þ

The numerator in Eq. (A.4) can be expressed as the inner
product of e

T 2 and T , and the denominator as the inner
product of e
T 2 and 1. By use of Eqs. (A.1) and (A.2), the fol-

lowing two equations containing the numerator and denom-
inator are obtained:

cosðh1Þ ¼ he=T 2; T iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
he=T 2; e=T 2i

p ffiffiffiffiffiffiffiffiffiffiffiffiffihT ; T ip
¼
R htrop
hs

ðe=T 2Þ � Tdz
ke=T 2k � kTk ðA:5Þ

cosðh2Þ ¼ he=T 2; 1iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
he=T 2; e=T 2i

p ffiffiffiffiffiffiffiffiffiffiffih1; 1ip ¼
R htrop
hs

ðe=T 2Þ � 1dz
ke=T 2k � k1k ðA:6Þ

Denote u as cosðh1Þ
cosðh2Þ, where u is determined by temperature

and water vapor pressure. Taking Eq. (A.4) into consider-
ation, we can obtain the norm equation of Tm:

Tm ¼ kT k � uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
htrop � hs

p ðA:7Þ
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