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Abstract: Global Navigation Satellite System (GNSS) troposphere tomography has become one of the
most cost-effective means to obtain three-dimensional (3-d) image of the tropospheric water vapour
field. Traditional methods divide the tomography area into a number of 3-d voxels and assume that
the water vapour density at any voxel is a constant during the given period. However, such behaviour
breaks the spatial continuity of water vapour density in a horizontal direction and the number of
unknown parameters needing to be estimated is very large. This is the focus of the paper, which tries
to reconstruct the water vapor field using the tomographic technique without imposing empirical
horizontal and vertical constraints. The proposed approach introduces the layered functional model
in each layer vertically and only an a priori constraint is imposed for the water vapor information at
the location of the radiosonde station. The elevation angle mask of 30◦ is determined according to the
distribution of intersections between the satellite rays and different layers, which avoids the impact
of ray bending and the error in slant water vapor (SWV) at low elevation angles on the tomographic
result. Additionally, an optimal weighting strategy is applied to the established tomographic model
to obtain a reasonable result. The tomographic experiment is performed using Global Positioning
System (GPS) data of 12 receivers derived from the Satellite Positioning Reference Station Network
(SatRef) in Hong Kong. The quality of the established tomographic model is validated under different
weather conditions and compared with the conventional tomography method using 31-day data,
respectively. The numerical result shows that the proposed method is applicable and superior
to the traditional one. Comparisons of integrated water vapour (IWV) of the proposed method
with that derived from radiosonde and European Centre for Medium-Range Weather Forecasts
(ECMWF) ERA-Interim data show that the root mean square (RMS)/Bias of their differences are
3.2/−0.8 mm and 3.3/−1.7 mm, respectively, while the values of traditional method are 5.1/−3.9 mm
and 6.3/−5.9 mm, respectively. Furthermore, the water vapour density profiles are also compared
with radiosonde and ECMWF data, and the values of RMS/Bias error for the proposed method are
0.88/0.06 g/m3 and 0.92/−0.08 g/m3, respectively, while the values of the traditional method are
1.33/0.38 g/m3 and 1.59/0.40 g/m3, respectively.

Keywords: Global Navigation Satellite System (GNSS); water vapour tomography; horizontal
parameterised approach; radiosonde; European Centre for Medium-Range Weather Forecasts (ECMWF)

1. Introduction

Global Navigation Satellite System (GNSS) tropospheric tomography has become a new tool
for studying the three-dimensional (3-d) distribution of atmospheric water vapour information.
3-d water vapour information can not only reflect the changes in water vapour images at different
altitudes, but also show the vertical motion of water vapour to provide more information about
tropospheric environmental variations [1–3]. The concept of troposphere tomography using low-cost
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L1 Global Positioning System (GPS) receivers was first proposed by [1], and realised by [2] based
on the constant parameterisation method using the slant wet delay (SWD) obtained from GPS
observation. Although the suggestions were to use L1-only receivers in [1], most investigations
of GNSS tomography use two frequency receivers to remove the influence of the ionosphere delay
properly. Additionally, [4] and [5] proposed a ray-traced method to obtain the tropospheric slant
delays. Subject to the constellation of GNSS satellites and the geometric distribution of ground-based
receivers in a regional network, some voxels are not crossed by any satellite ray when following
the method proposed by [2], which leads to an inversion problem of the tomographic observation
equation. To solve this problem, some constraints (horizontal, vertical, and boundary constraints)
were imposed on the tomographic model in previous studies [2,6–13]. Furthermore, water vapour
profiles derived from Constellation Observing System for Meteorology, Ionosphere, and Climate
(COSMIC) radio occulation data was also imposed on the tomographic model as an initial value in the
iterative reconstruction algorithm [14]. Some studies also show that the integrated water vapour (IWV)
map derived from interferometric synthetic aperture radar (InSAR) can be used for improving the
accuracy of the troposphere tomographic results [15–17]. [11] proposed a new parameterised method
that can yield a superior result compared to the constant parameterization method. Nonetheless,
the tomography area of interest is still discretised into a number of 3-d voxels and the rank deficiency
issue mentioned above is unresolved except for adding some empirical constraints.

However, these empirical constraints are not reasonable for the tomographic reconstruction
of regional water vapour field under many cases, and even enable the tomographic water vapour
information to deviate from its actual distribution. As a result, a horizontal parameterised tomography
approach is proposed in this paper without discretising the study area horizontally and avoiding
the use of empirical horizontal and vertical constraints. The merits of the proposed approach are:
(1) avoiding imposing the empirical constraints to the final tomographic model, which ensures the
accuracy of the tomographic result; (2) only using signals with satellite elevation angles larger than
30◦, which overcomes the problems of ray bending and the large error in slant water vapor (SWV) at
low elevation angles; and (3) reducing the number of estimated parameters and strengthening the
stability of the tomographic model. Finally, the proposed approach is validated using GPS data from
the Satellite Positioning Reference Station Network (SatRef) in Hong Kong under different weather
conditions and over a longer-term test.

This paper is organised as follows: Section 2 provides a detailed description of the horizontal
parameterised approach for GNSS tropospheric tomography. The weighted strategy for the
tomographic model is discussed in Section 3. Some tomographic experiments are performed and the
tomographic results are compared with the radiosonde and ECMWF data in Section 4. Conclusions
are provided in Section 5.

2. Principle of the Proposed Parameterised Approach for Tropospheric Tomography

Usually, two kinds of parameters derived from GNSS observations are used as input information
for tropospheric tomography. The first is SWD, which is the same input data used by [2] and [6] for
obtaining the atmospheric wet refractivity fields. Another input parameter is SWV, which can be
used to reconstruct the 3-d information of water vapour field [14,18,19]. [20] has proved that the two
different classes of tomographic results can be interchangeably converted. Here, SWV observations are
selected as input data for reconstructing the water vapour information.

2.1. Estimation of Slant Water Vapor (SWV) Value

The SWV is defined as the total water vapour content along the radio signal from satellite antenna
to receiver antenna and can be expressed as follows [2]:

SWV = 10−6 ·
∫

ρ(s)ds (1)
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where SWV refers to the slant water vapor (unit: mm). ρ(s) is the water vapour density value
(unit: g/m3). ds is the discretised distance along the signal ray (unit: km). Here, SWV is converted from
the calculated tropospheric parameter SWD following the formula below [21]:

SWV =
105

Rv · (k3/Tm + k′2)
· SWD (2)

where Rv is the specific gas constant of water vapour (461.495 J/K/kg) while k3 and k′2 are the constants
with the values of 3.776 × 105 K2/hPa and 16.52 K/hPa, respectively. Tm refers to the weighted mean
tropospheric temperature, which is calculated following the method proposed by [22] based on the
measured surface temperature. The calculated SWD value is projected by the estimated parameters
that are derived from the GPS observations based on the GAMIT/GLOBK (v10.5) software [23] and
the formula is expressed by [2] as:

SWD = mw(Ele) · ZWD + mw(Ele) · cot(Ele) · (Gw
N · cos(Azi) + Gw

W · sin(Azi)) (3)

where Ele and Azi are the satellite elevation and azimuth angle, respectively. mw is the wet mapping
function, and the wet global mapping function (GMF) is used in this study [24]. ZWD is the zenith wet
delay, which is extracted from Zenith Total Delay (ZTD) by removing the Zenith Hydrostatic Delay
(ZHD). Gw

N and Gw
W are the gradient parameters in north–south and west–east directions, respectively.

2.2. Horizontal Parameterised Approach for Tropospheric Tomography

In this section, a tropospheric tomography approach is proposed which does not divide the
research area in the horizontal direction, and only vertical layers are discretised (Figure 1). Considering
the continuity of the spatial water vapour changes, a horizontal parameterised function is introduced
for each layer to describe the water vapour change, and the water vapour density for each layer is
replaced by the value at the layer’s centre. Several experiments have been tested and the expression
of this horizontal parameterised function is determined according to the smallest root mean square
(RMS) error of water vapor density differences between the actual water vapour density and the fitted
values at different layers. The water vapour density at each layer’s centre can thus be expressed as:

ρ = f (b, l) = a0 + a1 · b + a2 · l + a3 · bl + a4 · b2 + a5 · l2 + a6 · b2l + a7 · bl2 (4)

where ρ represents the water vapor density. a0− a7 are the coefficients of water vapour density function,
which are estimated and updated during the process of each tomographic resolution (Section 3); b and
l are the latitude and longitude of intersection between the signal ray and the centre of the selected
layer, respectively. Therefore, the value of SWV for the ith layer can be derived as:

Sp
WV(i−1,i) = ρi · d

p
i = f (bi, li) · d

p
i (5)

where ρi is the water vapour density for the location of (bi, li) while the dp
i is the distance of satellite

signal travelled to the ith layer, which can be calculated using the intersections of signal ray p with
two sides of the ith layer, as shown in Figure 1:
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dp
i−1,i =


√
(bp,i − bp,0)

2 + (lp,i − lp,0)
2 + (hp,i − hp,0)

2, i = 1;√
(bp,i − bp,i−1)

2 + (lp,i − lp,i−1)
2 + (hp,i − hp,i−1)

2, i 6= 1;
(6)

where (bp,i, lp,i, hp,i) and (bp,i−1, lp,i−1, hp,i−1) are the intersected coordinates of signal ray p with
the upper and lower boundaries of the ith layer, respectively, while (bp,0, lp,0, hp,0) is the coordinate of
the receiver. As described by [2], the observation equation of the tomography model can be regarded
as a linear system, and therefore the total SWV of Equation (1) can be replaced by the following
expression based on Equation (5):

SWV = SWV(0,1) + SWV(1,2) + · · · SWV(i−1,i) + · · ·+ SWV(n−2,n−1) + SWV(n−1,n)

= 10−6
(∫ h,1

h,0 ρ0,1ds +
∫ h,2

h,1 ρ1,2ds + · · ·+
∫ h,i

h,i−1 ρi−1,ids + · · ·+
∫ h,n−1

h,n−2 ρn−2,n−1ds +
∫ h,n

h,n−1 ρn−1,nds
) (7)

In our study, 10 layers are selected according to the principle demanding a smaller spacing in
the lower layers and a larger spacing in the higher layers [13]. Consequently, the new observation
equation of the proposed approach is as follows:

SWV = SWV(0,1) + SWV(1,2) + · · ·+ SWV(4,5) + · · ·+ SWV(8,9) + SWV(9,10)

= f1 · d0,1 + f2 · d1,2 + · · ·+ f5 · d4,5 + · · ·+ f9 · d8,9 + f10 · d9,10

= 10−6(a00 + a01 · b0,1 + a02 · l0,1 + a03 · b0,1l0,1 + a04 · b2
0,1 + a05 · l2

0,1 + a06 · b2
0,1l0,1 + a07 · b0,1l2

0,1) · d
p
0,1+

10−6(a10 + a11 · b1,2 + a12 · l1,2 + a13 · b1,2l1,2 + a14 · b2
1,2 + a15 · l2

1,2 + a16 · b2
1,2l1,2 + a17 · b1,2l2

1,2) · d
p
1,2 + · · ·+

10−6(a40 + a41 · b4,5 + a42 · l4,5 + a43 · b4,5l4,5 + a44 · b2
4,5 + a45 · l2

4,5 + a46 · b2
4,5l4,5 + a47 · b4,5l2

4,5) · d
p
4,5 + · · ·+

10−6(a80 + a81 · b8,9 + a82 · l8,9 + a83 · b8,9l8,9 + a84 · b2
8,9 + a85 · l2

8,9 + a86 · b2
8,9l8,9 + a87 · b8,9l2

8,9) · d
p
8,9+

10−6(a90 + a91 · b9,10 + a92 · l9,10 + a93 · b9,10l9,10 + a94 · b2
9,10 + a95 · l2

9,10 + a96 · b2
9,10l9,10 + a97 · b9,10l2

9,10) · d
p
9,10

(8)

where a00 − a97 are the estimated parameters of water vapour density function for each layer.
By introducing the horizontal parameterised function, the water vapour density at any place can
be calculated using the established function, rather than only the values in the divided voxels, which is
a significant improvement when compared to previous methods.
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Figure 1. Basic schematic diagram for the proposed horizontal parameterised approach, where the
dotted blue lines in (a) and (b) are the centre of each layer while the solid black lines are the boundary
of each layer.
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2.3. Prior Constraint

Although the horizontal parameterised function has its advantages, it does not ensure that the
vertical distribution of the water vapour field was correctly modelled. The main reason is that if the
arbitrary two layers are exchanged, the total SWV value of the signal ray may change a little, but the
3-d water vapour structure has changed significantly. To solve this problem, a prior constraint is
introduced. In our study, the mean water vapour density in different layers derived from radiosonde
data for the first three days of the tomographic epoch were exploited. Those values were located
at different layers are regarded as the prior constraint for the location of radiosonde station and are
expressed as follows:

ρrs
k = fk(bk−1,k, lk−1,k) = ak0 + ak1 · bk−1,k + ak2 · lk−1,k + ak3 · bk−1,klk−1,k+

ak4 · b2
k−1,k + ak5 · l2

k−1,k + ak6 · b2
k−1,klk−1,k + ak7 · bk−1,kl2

k−1,k
(9)

where ρrs
k is the imposed prior constraint using radiosonde data at the kth layer. (bk−1,k, lk−1,k) is the

coordinate of the point at the kth central layer for the location of the radiosonde station. Consequently,
the final tomographic model for the proposed function approach is established as follows:[

LB
ρP

]
=

[
Bm1×n
Pm2×n

]
· an×1 +

[
∆m1×n
∆m2×n

]
(10)

where m1, m2, and n are the numbers of observation equation, priori equation and coefficients of the
horizontal parameterised function remaining to be estimated, respectively. a is the column vector
of coefficients. B and P are the coefficient matrices of the observation equation and prior constraint
equation, respectively. LB and ρP are the column vector of SWV observations and the prior mean
water vapour density at different heights derived from radiosonde data, respectively. ∆ is the noise in
the tomographic model.

3. The Weights Strategy for Proposed Tomography Approach

As mentioned in [25], the optimal weights for different types of input equations are prerequisite to
ensure the quality of the tomographic result. However, only the weights for different types of equations
were considered for the previous studies while the weights for the same type information were ignored.
In our study, the weights of both aspects are considered for the proposed tomographic approach.

3.1. Selection of the Weights for the Same Type of Equation

The total SWV content for each signal ray is related to the satellite elevation angle and length in
the tomography area. Hence, the weighted function includes satellite elevation angle which is given as:

PEle = sin2(Ele) (11)

where Ele is the satellite elevation angle. In the meantime, the weighted function related to length can
be expressed as:

PDist = 1/(1 + Dist)

Dist =
√
(bp,k − bp,0)

2 + (lp,k − lp,0)
2 + (hp,k − hp,0)

2

}
(12)

where Dist is the distance of signal ray in the tomography area, while (bp,k, lp,k, hp,k) is the
intersection point coordinates of the pth signal ray and the centre of the topmost k layer. In addition,
the tomographic observation equation consists of SWV observations derived from multiple epochs,
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which is evenly distributed in the two sides of the tomography epoch. Therefore, the weighted function
related to time span is determined as:

PTcorr = cos(Tcorr)

Tcorr =
Tobs−Ttom
(Tinterval/2)

}
(13)

where Tobs is the epoch of the observed SWV observation while Ttom is the tomographic epoch.
Tinterval is the selected tomographic period, in which the water vapour density is considered to be the
same. Consequently, the final weighted function for each signal ray can be obtained as:

PB
i = PEle · PDist · PTcorr

= sin2(Ele) · cos(Tcorr)/(1 + Dist)
(14)

The final weight matrix of the observation equation can be expressed as:

PB =


pB

1 0 · · · 0 0
0 pB

2 0
...

. . .
...

0 pB
m1−1 0

0 0 · · · 0 pB
m1


m1×m1

(15)

where PB is the weight matrix of the observation equation. As for the weights for prior equation, the
standard deviation (SD) at different layers derived from radiosonde data for the first three days before
the tomographic epoch is used. As a result, the weight matrix for the prior constraint is expressed as:

PP =


PP

1 0 · · · 0 0
0 PP

2 0
...

. . .
...

0 PP
m2−1 0

0 0 · · · 0 PP
m2


m2×m2

(16)

where PP
i = 1/(std

i · std
i), std

i is the SD calculated from radiosonde data.

3.2. Determination of the Weights for Different Types of Equations

The covariance matrices for the two types of equations mentioned above are set as follows:

D = P−1 =

[
DB 0
0 DP

]
=

[
σ̂2

0B
0

0 σ̂2
0P

][
P−1

B 0
0 P−1

P

]
(17)

where σ̂2
0B

and σ̂2
0P

are the unit weight variances for two types of equations, which are calculated based
on the method of variance components estimation [26]. The flowchart of determining the optimal
weights is presented in Figure 2 and the detailed steps are also given below.

(1) Set the initial value of unit weight variance for different equations as the same, for example 1 is
selected in our study.

(2) Conduct adjustment using the least squares method for Equation (10) and obtain the posteriori
residuals of observation equation and priori equation (vB and vP).

(3) Calculate the new posteriori unit weight variance σ̂2
0B

and σ̂2
0P

for two kinds of inputs according
to the following formulae [26,27]:
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σ̂2
0i
=

vT
i Pivi

li−tr(N−1Ni)

N = ATPA
Ni = AT

i PiAi

A =
[

AB AP

]T


(18)

where l(i = 1, 2) is the number of two types of input equations.
(4) Decide whether the unit weight variances σ̂2

0B
and σ̂2

0P
are equal or not. In our study,

the homogeneity test is used on the principle that the estimated variance components are
statistically equal [25,28]. In Figure 2, H0 represents the case when the calculated posteriori
unit weight variances are not equal while H1 refers to the opposite case.

(5) Adjust and update the weight matrices according to the formula below and repeat Steps (2) to
(4) until the relationship between the calculated σ̂2

0B
and σ̂2

0P
in Step (4) satisfies the termination

criteria for statistical equality.

Pϕ
i =

c
σ̂2

0i

· P(ϕ−1)
i (19)

where ϕ is the number of iterations, and c is an arbitrary constant which takes the value of σ̂2
0B

.
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Figure 2. Flowchart of steps determining the weights for the proposed tomographic model.

4. Validation of the Horizontal Parameterised Approach

4.1. Processing Strategy

The GPS data of 12 ground-based receivers (black and red triangles in Figure 3) obtained from the
SatRef in Hong Kong are selected for the period of Doy (Day of Year) 121–151, 2013. Figure 3 shows the
geographic distribution of GNSS receivers for the experimental area, where the red triangle (HKSC)
is also a GNSS receiver used to validate the proposed method in Section 4.2.2. As mentioned above,
the observed data were processed using GAMIT/GLOBK (v10.5) based on the double-differenced
combined observation. [29] proposed that some stations with baselines longer than 500 km should
be included for a regional network resolution if the absolute tropospheric parameters need to be
estimated. Therefore, three International GNSS Service (IGS) stations (SHAO, BJFS and LHAZ) were
also considered for the data processing. The sampling interval for the observed GPS data is 30 s,
while the intervals of estimated ZTD and the gradient parameters are 0.5 h and 2 h, respectively.
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The gradient component includes the parameters in east–west and south–north directions and the
GMF is used during the process of GPS observation [24].

The time span selected for each tomographic resolution in which the water vapour density is
assumed to be a constant is 5 min. The tomography area ranges from 113.87◦E to 113.45◦E and 22.19◦N
to 22.54◦N in longitudinal and latitudinal directions, respectively. The boundary of the tomography
area is 10 km with non-uniform thicknesses of 0.6, 0.6, 0.8, 0.8, 1.0, 1.0, 1.0, 1.4, 1.4, and 1.4 km from
bottom to top, respectively [13]. As shown in Figure 3, there is a radiosonde station (green circle) in
the research area, where the sounding balloon is launched automatically at 00:00 and 12:00 UTC daily.
In addition, some ECMWF grid points are also distributed in this area with a spatial resolution of
0.125◦ × 0.125◦ while the temporal resolution is four times a day at 00:00, 06:00, 12:00, and 18:00 UTC,
respectively. The coordination information of ECMWF grid points is given in Table 1. Radiosonde and
ECMWF data are both used in the following sections to validate the proposed tomographic model due
to their ability to obtain accurate water vapour density profiles at different altitudes [19,30,31].
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Figure 3. Geographic distribution of Global Navigation Satellite System (GNSS) receivers and
radiosonde station in the tomography area.

Table 1. Geographic coordination of European Centre for Medium-Range Weather Forecasts (ECMWF)
grid points located in the selected area.

Number Longitude (◦E) Latitude (◦N) Number Longitude (◦E) Latitude (◦N)

1 113.875 22.250 7 114.125 22.375
2 114.000 22.250 8 114.250 22.375
3 114.125 22.250 9 113.875 22.500
4 114.250 22.250 10 114.000 22.500
5 113.875 22.375 11 114.125 22.500
6 114.000 22.375 12 114.250 22.500

As mentioned above, the proposed approach only uses those signal rays with a large elevation
angle. The following gives the principle of determining the smallest threshold of satellite elevation
angle masks. Figure 4 shows the distribution of intersections between signal rays and one to eight
layers for the period of 00:00–00:05 UTC, Doy 121, 2013. Here, elevation angles of 10◦, 20◦, 30◦ and
40◦ are selected (Figure 4a–d). It can be observed from Figure 4 that the number of intersections
decreased with elevation angle masked increases in the upper layers. However, the distributions of
intersections from Figure 4a–d are similar in the lower layers. Due to the water vapor content being
mainly concentrated on the low atmosphere, the principle of determining the satellite elevation angle
masks we followed is that the angle masks can guarantee sufficient intersections evenly distributed
in each layer, especially for the low layers. By analysing the distribution of intersections over the
experimental period, it is found that an elevation angle mask of 30◦ satisfies the requirement, which we
used hereafter in the following experiment. [32] proved that, when the elevation angle masks exceed
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15◦, the ray path can be assumed linear and the influence of ray bending can be neglected. Therefore,
it is acceptable to ignore the impact of ray bending on the tomographic result in our experiment.

1 
 

 
  Figure 4. Distribution of intersections between signal rays and every layer for different elevation angle

masks, (a) 10◦; (b) 20◦; (c) 30◦ and (d) 40◦, respectively.

4.2. Evaluation of the Proposed Tomographic Model

The accuracy of the novel tomographic model is first evaluated under different weather conditions.
Two days (Doy 138 and 146) are selected because those two days correspond to different weather
conditions (a sunny day on Doy 138 and a rainy day on Doy 146, respectively) according to the weather
records of the Hong Kong Observatory.

4.2.1. Internal Accuracy Validation

To test the performance of the novel tomographic model, the SWV observations with elevation
angle masks of 30◦ are calculated using the water vapour density derived from the proposed approach
and their discrepancies are compared against the calculated SWV values based on GPS observations.
Figure 5 shows how the residuals change with elevation angle for two different weather conditions,
where the blue and red dot represent the residuals calculated for a sunny and a rainy day with standard
deviation error (SE) values of 2.4 mm and 4.1 mm, respectively. It can be observed that the SE is
relatively large during the rainy day. This is because the water vapour content is large and relatively
active on a rainy day compared to that on a sunny day.
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4.2.2. External Accuracy Validation

To further assess the novel tomographic model, another experiment is conducted in which only
eleven stations were used (black triangles in Figure 3) in SatRef while the HKSC station (red triangle
in Figure 3) was selected as a reference. Figure 6 shows the residuals of SWV observations with an
elevation angle mask of 30◦ for HKSC station on a sunny and a rainy day, respectively. The blue
dot represents the residuals of SWV values on the sunny day, and the values of SE, maximum,
and minimum were 3.9 mm, 16.4 mm, and −16.1 mm, respectively, while the red dot represents the
residuals on a rainy day, and the values of SE, maximum, and minimum were 4.6 mm, 13.6 mm,
and −16.3 mm, separately.
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According to the external/internal accuracy validation of the novel tomographic model on a
sunny and on a rainy day, we can conclude that the proposed approach is stable and applicable.
In addition, the reconstructed result of the proposed approach showed slightly better accuracy for
GPS tropospheric tomography on a sunny day, compared to that on a rainy day. The water vapor
distributions at 00:00, 06:00, 12:00 and 18:00 UTC, Doy 138 in layers of 1–6 are also presented derived
from the proposed method (Figure 7), from which the spatio-temporal variations in water vapor
density for different layers can be clearly observed. Additionally, it can be found from Figure 7 that the
water vapor is mainly concentrated on the bottom layers and decreased with the increasing of altitude
but was non-uniform.
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4.3. Comparison with the Traditional Tomographic Method

To validate the performance of the proposed method, the tomographic results are compared with
that from the traditional method in this section while the radiosonde and ECMWF data are regarded
as the references, respectively. For traditional tomography, the horizontal resolutions in latitudinal
and longitudinal directions are 0.05◦ and 0.06◦, respectively, while the vertical height is selected as
10 km with the same division described by the proposed method. Therefore, the total number of voxels
is 7 × 8 × 10. Here, two schemes are determined to compare the tomographic results conveniently.
Scheme 1 refers to the traditional method while scheme 2 represents the proposed method in the
following comparison.

4.3.1. Uniformity of the Height System

Before calculating the water vapour density at different heights for the location of radiosonde
station or ECMWF grid points, the height system must first be unified. In our study, the normal height
system was used. The following height conversion steps to change from geopotential to quasi-geoid
height were used, while Figure 8 shows the flowchart for conversion between different height systems:

(1) Converting geopotential to geopotential height [33]:

GPH= GP/g (20)

where GP represents geopotential while GPH represents geopotential height. g is the local
gravitational acceleration with a constant value of 9.80665 m/s2.

(2) Converting geopotential height to geoid height according to the formulae below [33–35]:

H(GPH , l) =
R(l) ·Y45 · GPH

YS(l) · R(l)−Y45 · GPH
(21)

where H is the ellipsoid height. YS(l) represents the normal gravitational acceleration on the
surface of the ellipsoid of revolution while R(l) is an effective radius of the Earth for latitude
l. Y45 is the normal gravitational acceleration on the surface of the ellipsoid for latitude 45◦

(9.80665 m/s2); and YS(l) and R(l) can be calculated from [33]:

YS(l) = 9.780325 ·
[

1 + 0.00193185 · sin (l)2

1− 0.00669435 · sin (l)2

]0.5

(22)

R(l) =
6378.137

1.006803− 0.006706 · sin (l)2 (23)

(3) Converting geoid height to quasi-geoid height using the official Earth Gravitational Model 2008
(EGM 2008) derived from the U.S. National Geospatial-Intelligence Agency EGM Development
Team [36]:

h = H + N − ξ (24)

where h represents the quasi-geoid height. N and ξ are the geoid and height anomaly, respectively,
which are both derived from EGM 2008.

(4) Judging whether the height of radiosonde data (hlowest) was lower than that of the receiver (h) or
not, and then performing vertical extrapolation for height h− hlowest [37,38] or neglect this step.
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4.3.2. Integrated Water Vapour (IWV) Comparison

Here, the IWV values integrated along the vertical direction using the reconstructed water
vapour density derived from different tomographic schemes for the location of radiosonde station
are compared with those obtained from the radiosonde data. Figure 9 shows the IWV comparison
between the different tomographic schemes and radiosonde data at epochs 00:00 and 12:00 UTC on
each day of the period Doy 121–151, 2013. In addition, the IWV time series are also compared with
those derived from ECMWF data. The IWV time series of ECMWF for the location of radiosonde
station are calculated using the data derived from the surrounding ECMWF grid points based on the
inverse distance weighted (IDW) method [39]. Figure 10 shows the IWV comparison between the
different tomographic schemes and ECMWF at epochs 00:00, 06:00, 12:00 and 18:00 UTC on each day
of the experimental period.

Figures 9 and 10 show that the IWV time series derived from schemes 1 and 2 are consistent with
those from radiosonde and ECMWF data for most epochs, respectively. According to the statistical
results over the period of 31 days (Table 2), the RMS/Bias of IWV differences between scheme 1 and
radiosonde are 5.1/−3.9 mm, respectively, while the values are 6.3/−5.9 mm, separately between
scheme 1 and ECMWF data. Evidently, the corresponding RMS/Bias are small for the proposed
method in this paper when compared to the radiosonde data (3.2/−0.8 mm) and ECMWF data
(3.3/−1.7 mm), respectively.
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Figure 9. Integrated water vapour (IWV) comparison derived from different tomographic schemes
and radiosonde for the period of Doy 121–151, 2013.
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Table 2. Statistical result of IWV comparison for 31 days, unit: (mm).

Statistical Result Root Mean Square (RMS) Bias

Scheme 1 vs. Radiosonde 5.1 −3.9
Scheme 2 vs. Radiosonde 3.2 −0.8

Scheme 1 vs. ECMWF 6.3 −5.9
Scheme 2 vs. ECMWF 3.3 −1.7

4.3.3. Water Vapour Profile Comparison

The IWV is an integrated water vapour value which cannot reflect the layered distribution of
water vapour density, although the IWV time series derived from the proposed tomographic approach
are superior to the traditional method, the 3-d distribution of water vapour density still needed to
be further verified. Therefore, two epochs are selected to compare the water vapour profile derived
from different tomographic schemes; those schemes refer to the traditional tomographic method
(Scheme 1) and the method proposed in this paper (Scheme 2). Figure 11 shows the water vapour
density profile comparison derived from different tomographic schemes, radiosonde and ECMWF
data over two epochs, 00:00 UTC, Doy 122 and 00:00 UTC, Doy 135, 2013, respectively.

It can be observed from Figure 11 that the water vapour density profiles derived from different
tomographic schemes, radiosonde, and ECMWF data match each other at most heights. However,
the water vapor profiles derived from scheme 2 have a higher consistence with radiosonde and
ECMWF data than that from scheme 1. In addition, the differences in water vapour density at most
altitudes for tomography–radiosonde and tomography–ECMWF are relatively small at 00:00 UTC,
Doy 122, compared to that at 00:00 UTC, Doy 135; this is because the water vapour content is relatively
low (less than 15 g/m3 in the lowest layer at date 00:00 UTC, Doy 122) while it is greater than 20 g/m3

in the lowest layer at 00:00 UTC, Doy 135. Statistical analysis reveals that the RMS/Bias of differences
of water vapor density for scheme 1–radiosonde and scheme 1–ECMWF at 00:00 UTC, Doy 122 are
1.65/0.64 g/m3 and 2.10/−1.32 g/m3, respectively, while the values at 00:00 UTC, Doy 135 were
1.38/−0.48 g/m3 and 1.23/−0.57 g/m3, respectively. For scheme 2, the values of RMS /Bias are
0.80/0.13 g/m3 and 0.98/0.20 g/m3, respectively, at 00:00 UTC, Doy 122 and 0.75/−0.03 g/m3 and
1.00/−0.34 g/m3, respectively, at 00:00 UTC, Doy 135, when compared with the radiosonde and
ECMWF data.
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The 31-day test is carried out to analyse the accuracy of water vapour density at different altitudes.
The relative discrepancy of water vapor density derived from different schemes, radiosonde and
ECMWF data is introduced to reflect the relationship of the proposed approach and its error with
height [40]. The following gives the formula for calculating the relative error:

Re =

∣∣WVD −W0
VD

∣∣
W0

VD
(25)

where Re is the relative error. WVD is the water vapor density value derived from different tomographic
schemes. W0

VD is the water vapor density value derived from radiosonde or ECMWF.
Figure 12 presents the RMS and relative error derived from different tomographic results,

radiosonde and ECMWF during the experimental period from Doy 121 to 151, 2013. It can be
concluded from Figure 12a,c that the RMS of water vapour density differences at most heights between
scheme 2-radiosonde and scheme 2-ECMWF are superior to that derived from scheme 1–radiosonde
and scheme 1–ECMWF, respectively. A similar conclusion is also obtained by comparing the relative
error in Figure 12b,d. Statistical results for the period of 31 days (Table 3) shows that the RMS errors in
the water vapour field from the traditional method are about 1.33 g/m3 and 1.59 g/m3, respectively,
when compared to the radiosonde and ECMWF data; however, the RMS errors of the proposed method
in this paper are 0.88 g/m3 and 0.92 g/m3 when compared to radiosonde and ECMWF data. Therefore,
the above comparison further demonstrates the superiority of the proposed method.

Table 3. Statistical result of water vapor density profile comparison for 31 days, unit: (g/m3).

Statistical Result RMS Bias

Scheme 1 vs. Radiosonde 1.33 0.38
Scheme 2 vs. Radiosonde 0.88 0.06

Scheme 1 vs. ECMWF 1.59 0.40
Scheme 2 vs. ECMWF 0.92 −0.08
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5. Conclusions

A horizontal parameterised approach is proposed for water vapour reconstruction and its
ability and applicability have been validated under different weather conditions and over 31 days.
The proposed approach divided the research area into layers vertically while the water vapour density
function is introduced horizontally, rather than discretising the research area into many voxels as in
previous studies [2,9–12,41], which is the innovation of this paper. By using the proposed approach,
empirical assumptions imposed on the inner divided voxels are neglected. The proposed method also
avoids unfavourable effects on the tomographic result due to the improper relationship between voxels
in the vertical and horizontal constraints. Additionally, another novel aspect of the proposed method
is that the estimated parameters decreased as only the coefficients of the horizontal parameterised
function for each layer are estimated, which overcame the rank deficiency problem during tomographic
resolution. Moreover, only those observations with elevation angle masks of greater than the given
threshold, e.g., 30◦, are selected and used as input information, which effectively overcame the problem
that the tomographic result is subjected to the effect of signal rays of low elevation angle due to their
relatively low-accuracy observations when compared to signal rays of high elevation angles.

By comparing the residuals of SWV values, we found that the SE of SWV differences were 2.4 mm
and 4.1 mm for the internal test, while values of 3.9 mm and 4.6 mm are obtained using the HKSC
station data for an external test under two different types of weather conditions (a sunny and a rainy
day). Tomographic results of both traditional and proposed methods for 31 days are compared with
IWV and water vapor density derived from radiosonde and ECMWF, respectively, and the result
indicates the superiority of the proposed method both in IWV and water vapor density aspects when
compared to the traditional method. Some validations of the proposed approach should focus on
different research areas to further explore its ability. The elevation angle masks should be investigated
if more satellite observations derived from different operational GNSS (GPS, GLONASS, GALILEO,
and BDS) systems are used in the near future. In addition, some observed external information,
such as observations from lidar, solar spectrometers, and Interferometric Synthetic Aperture Radar
(InSAR), should be considered for possible assimilation into the proposed tomographic method,



Remote Sens. 2018, 10, 1241 16 of 18

which are expected to enhance the ability of reconstructing the 3-d distribution of water vapour fields
in the future.
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